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Abstract. In this survey we provide detailed proofs for the results by Hakim regarding the dy- 
namics of germs of biholomorphisms tangent to the identity of order k + 1 > 2 and fixing the 
origin. 



1. Introduction 

One of the main questions in the study of local discrete holomorphic dynamics, i.e., in the study 
of the iterates of a germ of a holomorphic map of C p at a fixed point, which can be assumed to be 
the origin, is when it is possible to holomorphically conjugate it to a "simple" form, possibly its 
linear term. It turns out (see [3], [3J, [7] and Chapter 1 of [TH] for general surveys on this topic) 
that the answer to this question strictly depends on the arithmetical properties of the eigenvalues 
of the linear term of the germ. 

This conjugacy approach is not that useful in the so-called tangent to the identity case that is 
when the linear part of the germ coincides with the identity, but the germ does not coincide with 
the identity. Nevertheless, it is possible to study the dynamics of such germs, which is indeed very 
interesting and rich. The one-dimensional case, was first studied by Leau [16] and Fatou [IT] who 
provided a complete description of the dynamics in a pointed neighbourhood of the origin. More 
precisely, in dimension 1, a tangent to the identity germ can be written as 

(1.1) f(z) :=z + az k+l + 0(z k+2 ), 

where the number k + 1 > 2 is usually called the order of /. We define the attracting directions 
{t>i, . . . , Vk} for / as the fc-th roots of — and these are precisely the directions v such that the 
term av k+1 points in the direction opposite to v. An attracting petal P for / is a simply-connected 
domain such that 6 dP, f(P) Q P and limn^oo f n (z) = for all z 6 P, where f n denotes the 
n-th iterate of /. The attracting directions for / _1 are called repelling directions for / and the 
attracting petals for f^ 1 are repelling petals for h. Then the Leau-Fatou flower theorem is the 
following result (see, e.g., [3J, [7]). We write a ~ b whenever there exist constants < c < C such 
that ca <b < Ca. 

Theorem 1.1 (Leau-Fatou, 111]). Let f be as in (jl.lj) . Then for each attracting direction v of 
h there exists an attracting petal P for f (said centered at v) such that for each z G P the following 
hold: 

(1) f n (z) / for all n and lim^oo = v, 

(2) 
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Moreover, the union of all k attracting petals and k repelling petals for f forms a punctured open 
neighborhood ofO. 

By the property (1), attracting [resp. repelling] petals centered at different attracting [resp. 
repelling] directions must be disjoint. 

For dimension p > 2 the situation is more complicated and a general complete description of the 
dynamics in a full neighborhood of the origin is still unknown (see [5] for some interesting partial 
results). Analogously to the one-dimensional case, we can write our germ as sum of homogeneous 
polynomials 

F(z) = z + P k+1 (z) + 0(\\z\\ k+2 ), 

where k + 1 > 2 is the order of F. Very roughly, Ecalle using his resurgence theory |10j . and Hakim 
with classical tools proved that generically, given a tangent to the identity germ of order k + 1, 
it is possible to find one-dimensional "petals", called parabolic curves, that is one-dimensional F- 
invariant analytic discs having the origin on the boundary and where the dynamics is of parabolic 
type, i.e., the orbits converge to the origin tangentially to a particular direction. Abate, in [2], then 
proved that in dimension 2 such parabolic curves always exist. Hakim also gave sufficient conditions 
for the existence of basins of attraction modeled on such parabolic curves, proving the following 
result (see Section 3 for the detailed definitions): 

Theorem 1.2 (Hakim, [14]). Let F be a tangent to the identity germ fixing the origin of order 
k + 1 > 2, and let [v] be a non- degenerate characteristic direction. If [v] is attracting, then there 
exist k parabolic invariant domains, where each point is attracted by the origin along a trajectory 
tangential to [v]. 

Hakim's techniques have been largely used in the study of the existence of parabolic curves (see 
[2], [H], [E], [20]), basins of attraction and Fatou-Bieberbach domains, i.e., proper open subset of 
C p biholomorphic to C p , (see [5]. p]. [2l]. [22]). 

The aim of this survey is to make available important results and very useful techniques, that 
were included, up to now, only in [15], a preprint which is not easily retrievable, and where the 
case k > 1 was stated with no detailed proofs. 

We shall provide, from Section 3 up to Section 7, the reformulations for any order k + 1 > 2, with 
detailed proofs, of the results published by Hakim in |14| (Hakim gave detailed proofs of her results 
for k = 1 only), and, in the last three sections, again reformulating definitions, lemmas, propositions 
and theorems for any order k + 1 > 2, we shall provide detailed proofs for the unpublished results, 
including her construction of Fatou-Bieberbach domains, obtained by Hakim in [15] . 

Acknowledgments. We would like to thank the anonymous referee for useful comments and remarks 
which improved the presentation of the paper. 

2. Notation 

In the following we shall work in C p , p > 2 with the usual Euclidean norm 
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We shall denote by TH r ,k the following subset of C 

D rjfc = jz G C | \z k - r\ < rj , 

which has exactly connected components, that will be denoted by 11^ fc , . . . , 

Let -F : C p — > C p be a holomorphic map. We shall denote with F'(zq) the Jacobian matrix of F 

in zq. If, moreover, we write C p = C s x C*, then ^ and ^ will be the Jacobian matrices of F(-, y) 

and F(x, ■). 

Given f,gi,---,g s ' C m — >■ C fc , we shall write 

/ = 0(gi,. . . ,g s ) , 

if there exist C\ , . . . , C s > so that 

||/H||<CiM«;)|| + ... + C7 a ||^H||; 
and moreover, with / = o(g) we mean 

|44Uoas^O. 

\\gWW 

Similarly, given a sequence w n £ C p , we shall write 

C 

=>3C >Q : \w n \ < — ; 
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Given {x n } a sequence in a metric space(M, d), by x n x we mean that, for n sufficiently large, 
d(x n , x) — > 0. 

Finally, we shall denote with Diff(C p , 0) the space of germs of biholomorphisms of C p fixing the 
origin. 

3. Preliminaries 

One of the main tools in the study of the dynamics for tangent to the identity germs is the 
blow-up of the origin. In our case, it will suffice one blow-up to simplify our germ. 

Definition 3.1. Let F £ Diff(C p ,0) be tangent to the identity. The order u (F) of F is the 
minimum v > 2 so that P v ^ 0, where we consider the expansion of as sum of homogeneous 
polynomials 

F(z) = Y,Pk(z), 
fe>i 

where is homogeneous of degree k (Pi(z) = z). We say that F is non- degenerate if P vo t F \(z) = 
if and only if z = 0. 

Let C p CC P x CPf- 1 be defined by 

C p {(v,[l}) £ C p x CF^ 1 : v £ [/]}. 
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Using coordinates (z%, . . . , z p ) G C p and [Si : • • • : S p ] G CP P_1 , we obtain that C p is determined by 
the relations 

ZhSk = ZkSh 

for h,k G {1, . . . , p}. It is well-known that C p is a complex manifold of the same dimension as C p . 
Given a: C p — > C p the projection, the exceptional divisor E : = <7 _1 (0) is a complex submanifold 
of C p and 

(J \cp\e'' ^ P \ ^ — ^ ^ P \ * s a biholomorphism. The datum (C p ,cr) is usually called 
blow-up of C p at the origin. 

Note that an atlas of C p is given by {(Vj, ¥>j)}i<j< P , where 

Vi = {(z, [S]) G C p | Sj + 0}, 

and ifj : Vj — > C p is given by 

<Pj(zi, . . . , z p , [Si : ■ ■ ■ : 1 : • • • : S p ]) = (Si, . . . , z j: . . . ,S p ) , 
since the points in {Sj = 1} satisfy = ZjSk for k G {1, . . . ,p} \ {j}. Moreover we have 
ifj 1 (z 1 ,...,z p ) = (z 1 z j ,...,z j ,...,z p z j ,[zi : ■■■ :1: ■■■ : z p ]) eVj. 

The projection a: C p — > C p is given by a(z, [S]) = z, and in the charts (Vj, cpj) it is given by 

aotpJ 1 (z 1 ,...,z p ) = (z x Zj,...,Zj,...,z p Zj). 

Proposition 3.2. Let F G Diff(C p ,0) be tangent to the identity, and let (C p ,o~) be the blow-up of 
C p at the origin. Then there exists a unique lift F G Diff(C p , E) so that 

F o a = a o F. 

Moreover, F acts as the identity on the points of the exceptional divisor , i.e., F(0, [S]) = (0, [S]). 

We omit the proof of the previous result, which can be found in pQ. It is also possible to prove 
that there exists a unique lift for any endomorphism G of (C p , 0) so that G(z) = Ylk>h ^k(z), where 
h is the minimum integer such that Ph ^ and so that Ph{ z ) = if and only if z = 0, and in such 
a case the action on the exceptional divisor is G(0, [S]) = (0, [Ph(S)]). 

4. Characteristic directions 

We shall use the following reformulation of Definition 2.1 and Definition 2.2 of [13] for the case 
k + 1 > 2. 

Definition 4.1. Let F G Diff(C p , 0) be a tangent to the identity germ of order k + 1, and let Pk+i 
be the homogeneous polynomial of degree k + 1 in the expansion of F as sum of homogeneous 
polynomials (that is, the first non-linear term of the series). We shall say that v G C p \ {0} is a 
characteristic direction if Pk+i(v) = Xv for some A G C. Moreover, if P^ + i(v) ^ 0, we shall say that 
the characteristic direction is non-degenerate, otherwise, we shall call it degenerate. 

Since characteristic direction are well-defined only as elements in CP p-1 , we shall use the notation 
[v] G CPf- 1 . 
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Definition 4.2. Let F G Diff(C p ,0) be a tangent to the identity germ. A characteristic trajectory 
for F is an orbit {X n } := {F n (X)} of a point X in the domain of F, such that {AT n } converges to 
the origin tangentially to a complex direction [v] G CP P_1 , that is 

f lim X n = 0, 
1 lim [X n ] = [u]. 



The concepts of characteristic direction and characteristic trajectory are indeed linked as next 
result shows. We shall use coordinates, following Hakim [TJ], z = (x,y) G C x C p_1 and (x n ,y n ) := 
y), f^ix-i y)) G C x C p_1 for the n-tuple iterate of F. We have the following generalization of 
Proposition 2.3 of |14j for the case k + 1 > 2. 

Proposition 4.3. Let F G Diff(C p ,0) be a tangent to the identity germ, and let {X n } be a charac- 
teristic trajectory tangent to [v] at the origin. Then v is a characteristic direction. Moreover, if [v] is 
non- degenerate, choosing coordinates so that [v] = [1 : uq], writing Pk+i{z) = (Pk+i( z ),Qk+i( z )) G 
C x O^ 1 , we have 

(4.1) x\ r l — -, as n -)• oo, 

nkp k+1 (l,u ) 

where X n = (x n ,y n ). 

Proof. If Pfc + i([*y]) = 0, then [v] is a degenerate characteristic direction and there is nothing to 
prove. Hence we may assume Pfc+i(M) ^ 0, and, up to reordering the coordinates, we may assume 
that [v] = [1 : uo] and F is of the form 

xi = x+p k+ i(x,y) +Vk+2{x,y) H , 

2/1=2/ + Qk+i{x, y) + qk+2{x, y) H , 



(4.2) 



where x±, x, pj(x,y) G C and yi, y, qj(x,y) G C p . Since {X n } is a characteristic trajectory 
tangent to [v], we have 

iim = Uq. 

n— i>oo x n 

Now we blow-up the origin and we consider a neighbourhood of [v]. If the blow-up is y = ux, with 
u G C p_1 , then the first coordinate of our map becomes 

(4.3) xi = x(l + p fc +i(l, u)x k + p k +2(l, u)x k+1 + •••), 
whereas the other coordinates become 

(4.4) «i = — = u + r(u)x k + 0(x k+1 ), 

x± 

where 

r(tt) := q k+ i(l,u) - p k+1 (l,u)u. 

As a consequence, the non-degenerate characteristic directions of F of the form [1 : u] coincide with 
the ones so that u is a zero of the polynomial map r(u): 

= An ^ r(n) = " Pfc+i(l,«)« = 0. 
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It remains to prove that if u n = |p converges to no, then r(uo) = 0. Since u n — > uq, the series 

oo 

(4.5) ^2 (u n+1 - u n ) 

n=0 

is convergent. Thanks to (|4.4p . assuming r(u n ) ^ 0, we obtain 

u n+l -u n = r{u n )x k n + O (x k+1 ^J ~ r(n )x^. 
We can now prove (|4.ip . In fact from 

- = -(i- Pk+1 (i,u)x k + o(x k+i : 

X\ x \ 
we deduce 

and hence 

1 Ik n ~ 1 

^ = ^-^E(p*+i(i,«,o+o(^))- 

Setting dj := Uj) + 0(xj), since a.,- — >■ ito), the average ^ !Cj=o a i converges to the 

same limit. It follows that, as n — > oo, converges to — kpk+i(l, Uq) and 

k 1 

x ~ . 

nkp k+ i(l,uo) 

If r(ito) 7^ 0, then we could find C / such that 

^n+l - Un ~ — r(lto), 
71 

and the series X)?S=o ~~ n «) would not converge, contradicting (|4.5[) : hence r(uo) = 0, and this 

concludes the proof. □ 

Unless specified, thanks to the previous results, without loss of generality, we shall assume that 
any given F E Diff(C p , 0) tangent to the identity germ of order k + 1 > 2, with a non-degenerate 
characteristic direction \v] is of the form 



(4.6) 



xi = x(l + Pk+iO-, u)x k + 0(x k+1 )), 

ui = u + (q k+1 (l,u) - p k+1 (l,u)u)x k + 0(x k+1 ), 



Lemma 4.4. Let F 6 Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2, of the form 
(|4.6p . with a non- degenerate characteristic direction [v] = [1 : uq]. Then there exists a polynomial 
change of coordinates holomorphically conjugating F to a germ with first component of the form 



X\ = x — — X +U\X \\u\\.x 
k 
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Proof. We shall first prove that it is possible to polynomially conjugate F to a germ whose first 
coordinate has no terms in x h for h = k + 2, . . . , 2k. Thanks to (14. 3p . expanding p k+ i(l, u) in uq, 
we obtain 



x% = f(x, u) = x + pfc+i(l, u )x k+1 + O (\ 



u\\x k+ \x k+2 



Now we use the same argument one can find in [61 Theorem 6.5.7 p. 122], conjugating / to polyno- 
mials fh, for 1 < h < k, of the form 

/ fc (x, u) = x + Pfc+1 (l, Uo )x fe+1 + & ft x fc+,l+1 + O (\\u\\x k+1 , x k+h+2 ) , 

that is, changing polynomially the first coordinate x and leaving the others invariant, up to get 

f k (x, u) = x + p fc+1 (l, u )x fc+1 + O (||u||x fe+1 , x 2fc+1 ) . 

Let us consider g(x) = x + f3x h+l , with /3 := (fc _ fe)p ^ i(1;Mo) , and set $ = (5, id p _i): (x,u) H> 
(g(x),u). Then, conjugating = (/^, via <3>, we have -F^+i o $ = $ o F^, which is equivalent to 

f 47 N f fh+i(g(x),u) =g(f h (x,u)), 

{ ' ' 1 *ft+i(y(x),u) = 

Since <3?(0) = and the Taylor expansion of <3? up to order k + 1 only depends on d$o ; we must 
have 

A +1 (x, u) = x + E"= fe+ i ^ m + O {\\u\\x k+1 ) , 
u) = u + r(ti)x fc + O (x fc+1 ) , 

and in particular these changes of coordinates do not interfere on \& in the order that we are 
considering. 

Let us consider the terms up to order k + h + 2 in the first equation of (|4. T[> . We obtain 



g(f h (x, u)) = x + p fc+1 (l, u )x fc+1 + & h x fc+/l+1 + /3(x h+1 + (h + l)x k+h+1 ) + O (\\u\x k ' ' . , 



and 

/h+iG/Or), «) = x + /?x fc+1 + A+is fc+1 + • • • + ^ fe+fc+1 x fc+/l+1 + Afc+i^C* + l)x fc+/l+1 + O (x k+h+2 
Hence the coefficients A m satisfy 

Ak+i = Pk+lO-, u o), A k+2 = 0, . . . , A k+h = 0, 
b h + (h + l)p fc+ i(l, no)P = P(k + l)A k +i + A h+h+ i, 

yielding A k +h+i = 0. In particular there exists bh+i such that 

f h+1 (x, u) = x+ Pk+1 (l,u )x k+1 + b h+1 x k+h + 2 ^nfu,.u + ■ ,-' 



Repeating inductively this procedure up to /i = A; — 1 we conjugate with a polynomial (and hence 
holomorphic) change of coordinates our original F to a germ with no terms in x h for h = k + 
2,...,2fc, i.e., 

(4.8) xi = /(x, u) = x + n )x fc+1 + O (||u||x fe+1 , x 2fc+1 ) . 



s 
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Finally, using the change of coordinates acting as x h- > X = %/—Pk+iO-, Uojk x on the first 
coordinate, and as the identity on the other coordinates, the germ (|4.8p is transformed into 

Xl = X- -X k+1 + O ( \\u\\X k+ \X 2k+1 
k \ 

in the first component, whereas the other components, become 

X k 



U X = U- r(U) -— ~- + 0(X k+l ) 

kp k+1 (l,u ) 



□ 



Up to now, we simply acted on the first component of F, mainly focusing on the characteristic 
direction [v]. We shall now introduce a class of (p — 1) x (p — 1) complex matrices which takes care 
of the remaining p — 1 components of F. We consider the Taylor expansion of r in «o, and we have 

k 

X / \ 

ui = u- - -r'(u )(u - u ) + O ( \\u - u \\ 2 x k , x k+1 ) , 

where r'(uo) = Jac(r)(no). It is then possible to associate to the characteristic direction [v] = [1 : uq] 
the matrix 

and hence, assuming without loss of generality uq = 0, after the previous reductions, the germ F 
has the form 



(4.9) 



x x = x - \x k+l + O (\\u\\x k+1 ,x 2k+1 ) , 
Ul = (J - x kA) u + O (\\u\\ 2 x k ,x k+1 ) . 

The next result gives us a more geometric interpretation of this matrix. 



Lemma 4.5. Let F £ Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2 and let 

[v] G CP* 3 " 1 6e a non- degenerate characteristic direction for F with associate matrix A(v). Then 
the projection Pk+i in CF P_1 of the homogeneous polynomial Pk+i of degree k + 1 in the expansion 
of F as sum of homogeneous polynomials induces Pk+i - CP P_1 — > CP P_1 , defined by 

P k+1 ; [x] ^ [P k+ i(x)], 

which is well-defined in a neighbourhood of v. Moreover, [v] is a fixed point of P k +i and A(v) is the 
matrix associated to the linear operator 

r (d(P k +i)[v] ~ id 

Proof. The germ F can be written as 

F{z) = z + P k+1 (z) + P k+1 (z) + • • • , 

where Ph is homogeneous of degree h. Let [v] be a non-degenerate characteristic direction for 
F. The p-uple P k +\ of homogeneous polynomials of degree k + 1 induces a meromorphic map 
P k+1 : CPP- 1 -> CW- 1 given by 

Pk+l- [x] i-> [P k +i(x)}, 
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and it is clear that the non-degenerate characteristic directions correspond to the fixed points of 
such a map, and the degenerate characteristic directions correspond to the indeterminacy points. 
We may assume without loss of generality, v = (1,uq). Then 

U = {[xi : ■ ■ ■ : Xp] € CP^ 1 | xi + 0} 

is an open neighourhood of [v] and the map ipi : U — > C p_1 defined as 



[xi : ■ ■ ■ x p ] >-> (—,■■■ , — J = (ui,...,u p -i), 



is a chart of CP P 1 around [v]. 

The differential d(Pk+i)[ v ] : T[„]CP P_1 — > T^]CP P_1 is a linear map, and it is represented, in 
^0 = ¥>i(M)j by the Jacobian matrix of the map 

g := if! o P k+l o if' 1 : tpi(U) ->• <Pi(Pk+i(U)) 

given by 

_ , s ( gfc+i,i(l,ni,...,u p -i) q fc +i,p-i(Mi, ■ ■ ■ 

11 — V^l) • • • ! %>-lJ l— > I 7- T-, . . . , — T I . 

V pfc+i(i,ui,...,u p _i) pjfc + i(i,ui,...,u p _i) / 

We can associate to [t>] the linear endomorphism 

Af([v]) = I (d(P k+1 ) [v] - id) : T^CP^ 1 -> T M CP p -\ 

and we can then prove that the matrix of «4f([«]) coincides with A{y). In fact, let g±, . . . ,g p -i be 
the components of g. Since g(uo) = uq, we have 



(1,1*0 J 5 (l,U )«0,i 



du,- p fc+ i(l,it ) 

for i, j = 1, . . . ,p— 1. Therefore, it follows from rj(u) = — Pfc+i(l,it)«j that 

\ 9q k+hi dp k+1 
du~- = ~du~ du - u °' iU °' i ~Pk+iV-i u o)Oi,j, 

and hence 

= i(^(«o) - id), 

concluding the proof. □ 



Lemma 4.6. Let F G Diff(C p ,0) be a tangent to the identity germ and let ip G C[X] P be an 
invertible formal transformation of C p . If F = I + Ylh>k+i and V 9 = Qi + ^2j>2 Qj are the 
expansion of F an ip as sums of homogeneous polynomials, then the expansion of F* = (p^ 1 o F o ip 
is of the form I + Y,h>k+i P h> and: 

(4.10) P fe * +1 =Qi 1 oP k+1 oQ 1 . 

Proof It is obvious that the linear term of F* is the identity. It then suffices to consider the 
equivalent condition F o ip = ip o F*, and to compare homogeneous terms up to order k + 1, writing 
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We are now able to prove , as in Proposition 2.4 of [H], that we can associate to [v] the class of 
similarity of A(v) . 

Proposition 4.7. Let F G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2 and 
let [v] = [1 : no] G CP P_1 be a non- degenerate characteristic direction for F . Then the class of 
similarity of A(v) is invariant under formal changes of the coordinates. 

Proof. We may assume without loss of generality [v] = [1:0], and hence r(0) = 0. Up to a linear 
change of the coordinate we have 



ui = u + x k r'(0)u + O 



\u\\ 2 x\x k+1 



It suffices to consider linear changes of the coordinates. Indeed, writing F in its expansion as sum 
of homogeneous polynomials F = I + Pk+i + Ej>fc+2^J> ^ ^ ls conjugated by ip G Diff(C p ,0) of 
the form ip = L + Ylj>2 Qji by Lemma 1431 we have 

F* = ip- 1 o F o (p = I + ZT 1 o P k+1 o L + ■■■ , 

and hence the expansion of F* up to order k + 1 only depends on dipo. 

The projection of , 1 on CP P_1 is, with the notation of Lemma 14.51 P^ +1 = L^ 1 ° Pk+i ° L, 

where L is just the linear transformation of CP P_1 induced by L and Pk+i is the projection of Pk+i- 
Note that [v*] is a characteristic direction for F* if and only if [Lv*] is a characteristic direction for 
F. Since we have 

d ( p k+i)[v*] = L' 1 o d(P fe+1 ) M o L, 

we obtain 

1 

k 

yielding, by Lemma 14.51 



d(Pk+x)[v*] ~ i] = L- 1 o i (d(P fc+ i) H - /) o Z, 



which is the statement. □ 

As a corollary, we obtain that the eigenvalues of A(y) are holomorphic (and formal) invariants 
associated to [v], and so the following definition is well-posed. 

Definition 4.8. Let F G Diff(C p , 0) be a tangent to the identity germ of order k + 1 > 2 and let 
[f ] G CP P_1 be a non-degenerate characteristic direction for F. The class of similarity of the matrix 
A(v) is called (with a slight abuse of notation) the matrix associated to [v] and it is denoted by 
A(y). The eigenvalues of the matrix A(v) associated to [v] are called directors of v. The direction 
[v] is called attracting if all the real parts of its directors are strictly positive. 

5. Changes of coordinates 

We proved in the previous section that in studying germs F G Diff(C p , 0) tangent to the identity 
in a neighbourhood of a non-degenerate characteristic direction [v] , we can reduce ourselves to the 
case v = (1, 0) and F of the form: 



(5.1) 



x\ = f(x, u) = x - \x k+1 + 0(\\u\\x k+1 ,x 2k+1 ), 

Ul = ^>(x,u) = (I - x k A)u + 0(||u|| 2 a; fc , ||u||x A '' +1 ) + x k+1 ipi(x), 
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where A = A(v) is the (p — 1) x (p — 1) matrix associated to v, and ipi is a holomorphic function. 
Moreover, we may assume A to be in Jordan normal form. 

In this section we shall perform changes of coordinates to find .F-invariant holomorphic curves, 
tangent to the direction u = 0, that is, we want to find a function u holomorphic in an open set U 
having the origin on its boundary, and such that 



If we have such a function, the F invariant curve will just be <j)(x) = (x,u(x)). 

We now give precise definitions, that generalize Definition 1.2 of [14] and Definition 1.5 of [15] 
for the case k + 1 > 2. 

Definition 5.1. Let F G Diff(C p ,0) be a tangent to the identity germ. A subset M C C p is a 
parabolic manifold of dimension d at the origin tangent to a direction V if: 

(1) there exist a domain S in C d , with G dS, and an injective map ip: S — > C p such that 
ip{S) = M and lim 2 _ >0 $(z) = 0; 

(2) for any sequence {Xh} C S so that Xh — > 0, we have [^(X^)] — >■ [V]; 

(3) M is i^ 1 - invariant and for each p G M the orbit of p under i* 1 converges to 0. 

A parabolic manifold of dimension 1 will we called parabolic curve. 

We shall search for a function ip = (idc, u), defined on the k connected components of D r = {x G 
C | — r| < r}, and taking values in C p , verifying 



and, taking r sufficiently small, we shall obtain parabolic curves. 

The idea is to first search for a formal transformation, and then to show its convergence in a 
sectorial neighbourhood of the origin. The general obstruction to this kind of procedure is given by 
the impossibility of proving directly the convergence of the formal series. 

As we said, in this section we shall change coordinates to further simplify F, by means of changes 
defined in domains of C p , with on the boundary, and involving square roots and logarithms in 
the first variable x. 

Following Hakim [14] . we shall first deal with the 2-dimensional case (p = 2), generalizing Propo- 
sitions 3.1 and 3.5 of [14] for the case k + 1 > 2, to better understand the changes of coordinates 
that we are going to use. The equations (15. ip for p = 2 are the following: 




u(f(x,u(x))) = ^(x,u(x)) 



(5.2) 



{ 



x\ = f(x, u) = x - \x k+1 + 0(ux k+1 , x 2k+1 ) 

u\ = ^(x, u) = (1 — x k a)u + x k+1 ipi(x) + 0(u 2 x k , ux k+1 ), 



where a G C is the director, and we shall need to consider separately the case ka G N and the case 
ka (£ N. 
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5.1. Case p = 2 and ka g W. 

Proposition 5.2. Let F = (/, G Diff(C 2 , 0) be of the form (fOjl . J/ A:a ^ N, i/ien there exists a 
unique sequence {Ph}heN C C[x] of polynomials with deg(P/ l ) = /i /or eac/i fteN, suc/i i/iai 

Pft(0) = 0, 

* (x,P ft (x)) = P h (/(x, P h (s))) + 



(5.3) 



Moreover P h+ i(x) = P h (x) + c^+ix^ 1 , w/iere c^+i = kt-th+l) ■ 

Proof. We shall argue by induction on h. 

If h = 1, we have to search for Pi = cjx satifying ()5.3|) . We have 



and 



$(x,Pi(x)) = Ci x (l - ax fc + 0(x fe+1 )J +x fc+ Vi(^) 
Pi (/(x, P(x))) = ci (x - ix fc+1 + 0(x fc + 2 )) . 



Hence 



* (x,Pi(x)) - P 1 (/(x,P!(x))) = cix fc+1 Q - a + + 



0(x 



fc+2\ 



To delete the terms of order less than k + 2, we must set c\ = , which is possible since fca ^ N* 

Let us now assume that we have a unique polynomial Ph of degree h satisying (|5.3[) . We search 
for a polynomial P^+i of degree h + 1 and such that 

*(!,%(!)) = (/(X,P^ +1 (X))) +X /l+fc +V/ l+2 (x). 

We can write P^+i as Ph+i(x) = ph{x) + Ch+\x h+1 , where ph is a polynomial of degree < h and 
Ph(0) = . In particular, 

Ph+i (/(x, P h+ i(x))) = Ph (f(x, P h+1 (x))) + c h+1 (f(x, P h+1 (x))) h+1 . 

Let xi = /(x, u) = x — |;X fc+1 + x k+1 (p(x, u), with c^(x, u) € O (x, u). We have 

p h (/(x, P fe+ i(x))) =p h (x- ±-x k+1 + x*+V(a:,Ph(x))) + 0(x k+h+2 ) 
= Ph (f(x,p h (x))) + 0(x k+h+2 ), 

and 

(/(x,P fe+1 (x))) /l+1 =x h+1 



^±±x k + 0(x k+1 ] 



r.h+1 



h + 1 



It thus follows 



+ 0(x 



A+i (/(x, Pm-i(x))) = Ph (f(x,p h (x))) + c h+1 x h+1 - c h+1 ^x h+k+1 + 0{x h+k+2 ). 

k 
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By the second equation of (j5.2j) . u\ = u[l — ax + x 4>(x,u)] + x + ^i(x), with <f>(x,u) £ 0(x,u), 
and hence 



(5.4) 



^ (x,P h+1 (x)) = p h (x) + c h+1 x 



h+1 



1- ax K + x k cj)(x,P h+1 (x)) +x k+1 tpi(x) 



* (f(x, Ph (x))) + c^x^ 1 - ac h+1 x h+k+1 + 0(x h+k+2 ) 



Therefore 

* (x, i\+i(x)) - (/(£, i\+i(x))) 

(5.5) 

= * {f{x,Ph{x))) ~Ph {f(x,p h (x))) + Cft+l 

To have Ph+i satisying (15.3|) . we need 

* (/(x, P/l (x))) - Ph {f(x,p h {x))) + c /l+1 x /l+fc+1 



h + 1 



a x 



h+k+l 



+ 0(x h+k+2 ) 



h + 1 

k 



a 



0(x h+k+2 ), 



that is, ph has to solve fj5.3[) : and this implies, by our induction hypothesis, ph = Ph- Substituting 
Ph to in (|5.5p and expanding tph+i m a neighbourhood of we get 

'h+1 



* (x, P h+ i(x)) - (/(x, f\+i(x))) = x h+k+1 



iph+l (0) + Ch+i 



A; 



+ 0(x h+fc+2 ), 



and so we have to set the leading coefficient of Ph+i to be 

fe^+i(g) 

Cft +! fcft - (/i + 1) 

which is possible since /ca N*, and then we are done. 



□ 



The following reformulation of Corollary 3.2 of [2] for the case k + 1 > 2, shows that we can 
rewrite the equations of P in a more useful way, with a suitable change of coordinates. 



Corollary 5.3. Let F = (/,#) G Diff(C 2 ,0) be of the form (fS3|) . mitt fcft £ N. T/ien, /or any 
/i 6 N, there exists a holomorphic change of coordinates conjugating F to 

Xl = f(x, u) = x - \x k+l + 0(ux k+1 ,x 2k+1 ), 
Ul = \&(x, u) = (1 — ax k )u + x h+k ip h (x) + 0(u 2 x k ,ux k+1 ). 



(5.6) 



Proof. It is clear that the change of coordinates will involve only u. Let /iGN, and let Ph-i be the 
polynomial of degree h — 1 of Proposition 15.21 and consider the change of coordinates 

X = x, 

U = u-P h - 1 (x). 

The first equation of (|5.2p does not change, whereas the second one becomes 
Ui=ui- Ph-i(xi) 

= V(X,U + Ph-i(X)) - P h -i (f(X, U + Ph-i(X))), 

where we have 

¥ (X, U + Ph-i(X)) = U[l - aX k ] + P h -x{X)) + 0(U 2 X k , UX k+1 ), 



14 M. ARIZZI AND J. RAISSY 

and, analogously to the previous proof, we can expand Ph-i (f(X, U + Ph-i(X))) at the first order 
in U obtaining 

P h ^ (f(X, U + Pfc-i(X))) = P ft _! (x - ^X k+l + X k+1 Vl (X, Ph-i(X)) + 0{UX k+1 )^ 

= P h ^ (f(X, P h -i(X))) + 0(UX k+1 ). 

Therefore we have 

U 1 =X h+k i; h {X) + u(l-aX k + 0{UX k ,X k+1 )^J , 
and this concludes the proof. □ 

5.2. Case p = 2 and ka G N*. We now consider the case ka G N*, ka > 1. Proposition 3.3 of |14j 
becomes the following. 

Proposition 5.4. Let F = (f,^) G Diff(C 2 ,0) be of the form (j5T2]) , with ka G N. Then there 
exists a sequence {Ph(x, i)}heN of polynomials in two variables (x,t) such that 

u h (x) := P h (x,x ka logx^J , 

has degree < h in x (where consider as constant the terms in logx). Moreover, 
(5.7) * (x, u h {x)) - u h (f(x, u h {x))) = x h+k+1 ^ h+1 (x), 

where V'h+i satisfies 

(1) x h+k iph+i is holomorphic in x and x ka log x; 

(2) iph+i(x) = Rh+i(logx) + O (x), with Rh+i a polynomial of degree Ph+i G N, Ph+i < h + 1. 

Proof. The proof is done by induction on h. 

If h < ka, then the same argument of Proposition 15.21 holds, since the polynomials Ph are still 
well-defined. As a consequence, also the change of variables ui-Hi - Pk a ~\{x) is well-defined an 
hence we can assume that the second component of F is of the form 

m = u(l-ax k + 0(ux k ,x k+1 ^j +x ka+k ^ ka {x). 

It is clear that, for h < ka, the functions iph are holomorphic in x and thus they satisfy the 
conditions (1) and (2) of the statement. 
We can then assume that F is of the form 

/ 58 n f xi = f(x,u) = x - \x k+1 + x fc+ ViO,u), 

\ u\ = ^(x, u) = u (l — ax k + x k if2(x, u)) + x ka+k ipka(x), 

where ipi and (p2 are holomorphic functions or order at least 1 in x and u. 
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If h = ka, it suffices to consider Pk a (x, t) = ct, where c = —kiftkaity- In fact u k a(x) = cx ka logx 
verifies 115. 7ft if 

* (X, Uka(x)) ~ Uka (f(x, Uka{x))) = U ka {x) 1 - UX k + X k (f 2 (x, U ka (x)) + X ka+k lp ka (x) 

~ U ka (x - j; xk+1 + X k+1 (pi(x, Uka(x)) 

= O (x ka+k+1 (logx) p A , 

for some ph 6 N. Recall that 



W < m =1 _ ax k + x k ^ 2(X; u) + u *£*gm = i- ax k + (x k+1 ,ux k ) . 



We have 

u ka (x) 1 -ax k + x k ip 2 (x,Uk a (x)) + x ka+k ip ka {x) 

= cx ka log x - acx ka+k log x + x ka+k log x ■ tp 2 (x, x ka log x) + x ka+k ^ k a{x), 

and 

U ka (x - ^X k+1 + X k+1 (fil(x, Uka(x))^j 

= c(x- ^x k+1 + 0(x ka+k+l log x, x 2k+1 )^j log (x - ix fc+1 + 0(x fca+fc+1 log x, x 2k+1 

= cx ka log x - cax ka+k log x - -x ka+k + 0(x 2ka+k (log x) 2 , x ka+2k log x) . 

k 

Therefore 

* (x,U k a(x)) ~ U ka (f (x, U k a( x ))) = S fca+ Vfca(0) + |x te+fc + X fea+fe+1 (x^ 1 (log x) 2 , log x) . 

If c = — kipkai®), then 

*(x,U ka (x)) -Uka (f(x,U k a(x))) = X ka+k+1 ^ ka+1 (x) = 0{ X ka+k+l (log x) 2 ) . 

In particular, note that 

ip ka +l(x) = R ka+ i{logx) + 0(x), 

where Rka+i is a polynomial of degree 1 or 2, depending on whether ka = 1 or ka > 1. Also in 
this case V'fca+i satisfies the conditions (1) and (2) of the statement. Indeed, since ka + k > 2, we 
have that x ka+k Rk a +i(^ogx) is holomorphic in x fcQ logx and x. 

We are left with the case h > ka. The inductive hypothesis ensures that (|5.7p holds for h — 1 
and there exists a polynomial Rh(t) of degree < h so that iph(x) = i?/j(log x) + O(x). We search for 
iih of the form 

(5.10) u^(x) = ttfe-i(x) + x h Q h (logx), 
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where Qh is a polynomial, and we shall prove that Uh, of the form (|5. 101) . satisfies ()5.7f) if and only 
if Qh is the unique polynomial solution of the following differential equation 

(h - ka)Q h (t) - Q' h (t) = kR h (t). 

In fact we have 

^ (x,u h (x)) - u h (f(x,u h (x))) = ^ (x,Uh-i(x) + x h Q h (logxj\ - u h -i(f(x,u h (x))) 

- {f{x, u h (x))) h Q h (log(f(x, u h {x)))). 

Thanks to the inductive hypothesis, in Uh for h > ka, the term of lower degree is cx ka \ogx. We 
have 

*(x,u h -i(x) +x h Q h {\ogx)) 

= * (x,u h ^{x) + x h Q h {logx)^j 

<9* h 1 d n ^> ( h 

= y(x,u h -i(x)) + — (x,Uh-i(x))x Q h {\ogx) + ^—-^(x 1 u h -i{x))[x Q h (\ogx) 



n>2 



n 



= 9(x,u h -i(x)) + x h Q h (logx) - ax K+h Q h (\ogx) + O (x h+fc+to (logx) d ^ yh+ \x h+fc+i (logx 
Analogously to the previous proof, using the first equation in (|5.9|) , we have 

f [x,u h _ l {x) + x h Q h (\ogx) \ = f(x,u h _ 1 (x)) + ^— — (f(x,u h - 1 (x))) ix h Q h {\ogx) 



idegQh 



n>l 



/(x,^_ 1 (x)) + 0(x h+fc+1 (logx) 



\degQ h 



Therefore 



u h - 1 (f(x,u h (x)))=u h _ 1 (/(x,n h _ 1 (x)) + o(x fe+fe+1 (logx) de s^)) 
= u h -! (f(x, Uh-xix))) + O (x h+k+ka {\ogx) 



degQh+l 



Finally, expanding Qh in a neighbourhood of logx, and considering the terms of degree h + k we 
obtain 



(f(x,u h (x))) h Qh(logV(x,u h (x)))) 



x - \x k+l + 0(x k+1 u h {x), x k+2 ) 
k 

f, h 



Qu [ log ( x- ±x k+1 + 0{x k+1 u h {x),x k+2 \ 



k x h+k + 0(x k+h u h (x) 1 x k+h+l ) 
Q h {\ogx) - \x k Q' h {\ogx) + O (x k u h {x){\ogxf c ^ Qh ~ 1 ,x k+1 {\ogx) d ^ Qh - 1 



x h Q h (\ogx) - ±-x h+k Q' h {\ogx) - ~x h + k Q h {logx) + O (x h+k+ka (logx 



dcg ^ x h+k+l Q Q g x )deg Q h 
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The inductive hypothesis implies 

W(x,u h -i(x)) - Uft_i(/(a?,« ft _i(x))) = x k+h ip h (x) 
with iph(x) = RhQogx) + o(x). Reordering the terms, we then obtain 

* (x, fi fc (x)) - % (/(x, u fc (x))) = x h+k 



(5.11) 



^h(logx) + Q - Q h (logx) + i^(logx 
+ O (x h+k+ka (\ogx) dcgQh+l ,x h+k+l {\ogx) 



deg Q f 



where Rh(t) is the polynomial of degree ph < /i- Hence n^ satisfies (|5.7[) if and only if Qh is the 
unique solution of 

(5.12) (ka - h)Q h (t) - Q' h (t) = kR h {t). 

Therefore Rh+i is a polynomial so that deg-R^+i < h + 1, and we can have degR^+i = h + 1 only 
if ka = 1. Moreover, if ka = 1, degR^+i can be more that h + 1. 

We finally have to verify that i^h+i is holomorphic, and that Uh is a polynomial in x and x ka log x 
of degree < h in x. Since solves the differential equation (|5.12p . it has to be a polynomial of 
the same degree as Rh- Moreover, since x h Rh(logx) is a polynomial in x and x fca logx, we have 
Ph < ^j- We thus conclude that % is a polynomial in x and x fca logx of degree < h. Thanks to 
(|5.1ip . x h+k tph+i(x) is holomorphic in x and x fcQ logx. 

Summarizing, the sequence of polynomials is the following 

{T h c t { c - fc ^ (0) if h < ka 
ip ka (0)t iih = ka, 

P h ~i(x,t) + x h Q h (logx) iih>ka. 

□ 

Similarly to the case ka ^ N*, we deduce the following reformulation of Corollary 3.4 of [13] for 
the case k + 1 > 2. 

Corollary 5.5. Let F = (/, € Diff(C 2 ,0) be of the form (|53]) . with ka € N. Then for any 
h E N so that h > max{/c, /ca} is possible to choose local coordinates in which F has the form 



xi = /(x, it) = x — TX fc+1 + 0(iix fc+1 , x 2k+1 log 



x 



Ui = ^(x, u) = u (l — ax fc + 0(ux k , x k+1 logx)) + x h+k if)h(x), 
where /, and x h+k ~ 1 ijjf l (x) are holomorphic in x, x fco logx and n. 

Proof. Consider h > max{A;, fca}, and let n^-i be the polynomial map in x and x fca logx given by 
the previous result. With the change of coordinates 

X = x, 
U = it- 

the first equation becomes 

Xi = X - + O ([/X fc+1 , X 2fc+1 log X) . 
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In particular the term x 2fc+1 logx appears only if ka = 1. The second equation becomes 
U\ = u\ - u h -i(xx) 

= U (l - aX k ^j + O (u 2 X k , UX k+l logx) + X k+h ^ h (X). 

Again, the term UX k+1 logx appears only if ka = 1, otherwise we have UX k+1 . □ 

Remark 5.6. Note that if ka £ N*, due to the presence of the logarithms, all the changes of 
coordinates used are not defined in a full neighbourhood of the origin, but in an open set having 
the origin on its boundary. 

5.3. General case: p > 2. Now we deal with the general case of dimension p > 2. Also in this 
case, the allowed changes of coordinates will depend on the arithmetic properties of the directors 
associated to the characteristic direction. 

Proposition 5.7. Let F = £ Diff(C p ,0) be of the form (fSTTjl . let [v] = [1 : 0] be a non- 

degenerate characteristic direction, and let {ax, . . . ,a s } be the directors of [v] so that kaj £ N. 
Then, for all h £ N, there exists Uh ■ C — > C p_1 so that its components are polynomials in 
x, x kai logx, . . . , x k(Ls logx of degree < h in x, and the change of coordinates u i— >• u — Uh{x) 
conjugates F to 

x x = f{x,U) = x - \x k+l + 0{\\U\\x k+1 ,x 2k+l \ogx), 
Ux = W(x,U) = (I-vlx fc )[/ + 0(||?7|| 2 xM|C/||x fc+1 logx) + x k+h ^ h {x), 

with iph( x ) = Rh^ogx) + 0(x), where Rh(t) = (R\(t) , . . . , R 1 ^ 1 (t)) is a polynomial map with 
degit^ = p\<h, for each i = 1, . . . ,p — 1. 



(5.13) 



Proof. We may assume without loss of generality that A is in Jordan normal form. For each fixed 
h, the j-th component of Uh is determined by the components from p — 1 to j + 1, and each of them 
is determined with the results proved in dimension 2. 

It suffices to prove the statement when A is a unique Jordan block of dimension p—1 with 
eigenvalue a and with elements out of the diagonal equal to a. The equations of F are 

xx = f(x,u) = x - \x k+1 + O (x 2fe+1 , ||(u, v)\\x k+1 ) , 

ux,j = ^j(x, u) = (1 — x k a)uj — x k auj + x + O (||ti|| 2 x fc , ||n||x fc+1 ) + x k+1 ipj(x), for j = 1, . . . . 
ux, p -x = ^ p -x(x,u) = (1 - x k a)u p -x + O (||w|| 2 x , ||n||x fe+1 ) + x k+1 ip p -x(x), 

where ipi,..., tpp-i are holomorphic bounded functions. 

We proceed by induction on h. If h = 0, it suffices to consider uq = 0. In fact, 

%(x 5 u ) - u ,j (/(x,n )) = x k+1 ipj(x), for j = 1,... ,p- 1. 

Let us then assume by inductive hypothesis, that there exist iih-x such that 

(5.14) yj{x,u h _x) ~ u h -x,j (f{x,u h _x)) =x k+h ip hJ (x), for j = l,...,p-l. 

Analogously to the 2-dimensional case, we want to find polynomials Qh,x, ■ ■ ■ ,Qh,p-i so that 

Uh,j{x) = u h -l,j(x) + Qh,j(\ogx)x h , for j = 1, . . . ,p - 1, 

verify (|5.14p for h. Proposition 15.41 gives us that Uh, p -x is a solution if and only if Qh, P ~x verifies 

{ka - h)Q h:P _x(t) - (Q h>p -x(t))'(t) = kR h;P -x(t). 
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Moreover, we have degRh, p -i = Ph,p-i < h. We proceed in the same way for the remaining u^j's, 
except for the fact that the equations are a bit different from the ones used before. In particular 

dm* 



. >u '-(x, u) = 1 - ax k + O (x k+1 , \\u\\x k ^j , 
— (x, u) = -ax k + O (x k+1 , \\u\\x k ^j . 



x 3 

duj-i 



Hence 

Vj(x,u h ) = ^j{x,u h -i + x h Q h {\ogx)) 

= Vj(x,u h -i) + (1 - ax k )x h Q h:j {logx) - ax k+h Q h:j+1 {logx) 
+ O (x k+h+1 (\ogx) Ph , ||^_i||x fe+,l (lo g x) Ph ) , 
where ph = max deg Qh,j , and 

u h (f(x, u h )) = u h _i (f(x, u h )) + [f(x, u h )] h Q h (log(/(x, %)). 



We have 



and 



(/(*,«„)) = « h _x (/(a:,« h _i)) + O (x^+Mogx, ||x h+fcl °^) , 

)^ Qft flog x + log fl- -j-x fc + (x 2k , ||n/ l ||x fc 



[/(x, u h )] h Q h (log(/(x, = x (l - ix fc + O (x 2fc , 

= x h g ft (logx) - x k+h (^Q' h (\ogx) + ^Q A (logx)) 

x O (x 2k+h {logx) h , \\u h \\x k+h (logx) 1 ^ , 
for some integer l\ and £2- It follows 



Vj(x,u h ) - u h ,j(f{x,u h )) = x 



k+h 



iph,j(x) + -Q' h j(logx) + -Q/jj^ogx) - aQ hJ (\ogx) - aQ h>j+1 (\og 



x 



+ O (x 2k+h (logx) h ,\\u h \\x k+h (logx) 1 ^ . 

Hence Uh solves the equations if and only if Qh,j solves 

[h - ka] Q hJ {t) + Q' hJ (t) = kaQ hJ+1 {t) - kR hJ {t), for j = 1, . . . ,p - 2 
and moreover deg Rhj < /i. 



□ 



Remark 5.8. It is clear that in the previous proposition that we have no restrictions on h, and 
hence we can choose h = kh, obtaining F of the form 

x\ = f(x,u) = x — ^x k+1 + 0(\\u\\x k+1 , x 2k+1 logx) 
u\ = *(x,u) = (I - Ax k )u + O (||u|| 2 x fe , ||ii||x fc+1 logx) + x fe ^ +1 V/i(x), 
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where tph(x) = R^ix) + O(x). Then, up to changing the degree of the polynomials in logx, for 
any h E N we can write 

ui = $(x, u) = (I - Ax k )u + O (\\u\\ 2 x k , \\u\\x k+1 log x) + x k< - h+1) ip h (x). 

6. Existence of parabolic curves 

From now on, without loss of generality, we shall assume that non-degenerate characteristic 
direction is [1 : 0] G CP^ 1 . Mor eover, thanks to Proposition 15,71 and to Remark 15.81 after blowing- 
up the origin, it is possible to change coordinates, in a domain having the origin on its boundary, 
such that F, in the coordinates (x,u) € C x C p_1 , has the form 



(6.1) 



xi = f(x,u) = x - \x k+l + 0(\\u\\x k+1 ,x 2k+1 logx) 

m = ^(x,u) = {I - Ax k )u + O (\\u\\ 2 x k , \\u\\x k+1 (\ogx) Ph ) + x k ( h+1 ^ h (x), 



for an arbitrarily chosen li£N, and with S N \ {0} depending on h. 

Remark 6.1. The existence of parabolic curves Si,...,Sk tangent to a given direction [v] at is 
equivalent to finding u defined and holomorphic on the k connected components H}., . . . ,H k of 
B r := {x E C | \x k — r\ < r} and such that 

( u(f(x,u(x))) = V(x,u(x)) 
v > I lim u(x) = lim u'(x) = 0. 

We are going to prove the existence of such curves finding a fixed point of a suitable operator 
between Banach spaces. We shall then need to further simplify our equations via a change of coor- 
dinates holomorphic that will be holomorphic on Re (x k ) > 0. Let us consider the new coordinates 
(x,w) G C x C p_1 , where w £ £P~ l is defined, on Re (x k ) > 0, by 

u = x kA w := exp (kA log x)w. 

Hence u\ = x kA w\. Starting from (|6.1|) we obtain 

x 1 - x = ~\ xk+1 +° {\\u\\x k+1 ,x 2k+1 logx^j 

and 

(6.3) ui - (I-x k A)u = o(\\u\\ 2 x k ,\\u\\x k+1 logx,x k ^ h+1 \logx) Ph 

Moreover, we have 



3.4) 



c kA = exp (kA (\ogx + log ^1 - ^-x k + O (\\u\\x k ,x 2k \ogx 
= x kA ^ 



I - x k AJ + O [\\u\\x k , x 2k log x ' 

Using x kA w = u, we have x kA w\ = x kA x^ kA x kA wi = x kA x^ kA u\. Set 
(6.5) H(x, u) := x kA (w - w\) = u - x kA x^ kA ui. 
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Thanks to (I6.4p . we have 
(6.6) 



H(x,u)=u- {I - x k A) + O [\\u\\x k ,x 



„k 2k\ogx 



Ul 



-1 r 



Ui 



(I - x k A) + O (\\u\\x k ,x 2klosx 



= - (I-x k A) + 0[\\u\\x k ,x 2klogx 
= O (\\u\\ 2 x k , \\u\\x k+1 logx,x fc(/l+1) (logx) Ph ) . 
Therefore we can write 

wi = w - x~ kA H(x, u). 

Now we have all the ingredients to search for parabolic curves tangent to the direction [vj. For 
the moment, we only impose that u is at least of order k + 1. We have the following generalization 
of Lemma 4.2 of [H] . 

Lemma 6.2. Let f be a holomorphic function defined as in the first equation of (|6.ip . For any u so 
that u(x) = x k+1 £(x), for some bounded holomorphic map I: II* — > C p—1 , let {x n } be the sequence 
of the iterates of x via 

xi = fu(x) := f {x,u(x)) . 

Then, for r small enough, for any t so that \\i\\oo < 1; an d an U n £ N, if x 6 II* then x n G TL l r , and 
moreover 

\ Xn \ < 2 V* !fj _ 

(|1 + nx k \)k 

Proof. Thanks to the hypothesis on u we can rewrite the first equation of (|6.ip . obtaining 

xi = x - ^x k+1 + ax 2k+1 + bx 2k+1 log x + O (x 2fe+2 (log x) 1 , x 2k+2 ) . 

By Proposition 15.71 we have the term 6x 2fc+1 logx only if 1 is an eigenvalue of kA. Moreover, we 
have 



x\ = x k 



l-x k + kax 2k + kbx 2k log x + p Q x 2k + O (x 2fc+1 (log x)') . 



Hence 



1 1 



— = — + ! + (!- ai )x k - b lX k logx + 0(x fc+1 (logx) i ), 



where 0(x fc+1 (log x) 1 ) represents a function bounded by K |x| fc+1 |logx| Z , with K not depending on 
u, because \\£\\oo < 1- It is thus possible to write 



(6.7) 



1 1 



^ = ^ ( 1 + x k + x 2k ( f + 7 log x ) + 0(x 2fe+i (log x) 1 ) 



a 2b 



k k 



„2k+li 



where the same considerations hold as before. We can now define the following change of variable 
on Rex fc > 

- = — r + a log x + 6(log x) 2 . 

z X K 
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Therefore (16,711 becomes 



1 _ 1 

Z\ z 



+ l + 0(x k+1 (\ogx) 1 ), 



where we used 



and 



We then deduce 



logxi = logx- -x k + 0(x 2k (\ogx) 2 ) 
k 



(logxi) 2 = (logx) 2 - -x k \ogx + 0(x 2k (\ogx) 2 ). 
k 



1 



1 



+ l + 0(x£_ 1 (logx n _ L )') 



On the other hand 

— - -\ + a log x n + b log 2 x r , 



- + n + <3(l). 



z n x n 



1 + ax k log x n + bx k log 2 x r 



and hence 



+ ra + 0(l) = -r (l + nx 



ax k log x + 6x fc log 2 x + O^)" 1 
1 + nx k 



1 + 



If r is small enough, f u is an attracting map from II* in itself, and hence for any e > there exists 
n so that, for each n > n 

ax k log x n + bx k log 2 x n < e, 



and 



ax k log x + 6x fc log 2 x + 0(x 



1 + nar 



< e. 



Therefore, for n> n and r small enough 



1 + nx k 

and hence we obtain the statement. 



1 + ax k log x n + 6x^ log 2 x r 



, aa) fc log x+bx k log 2 x+0(x fe ) 



< 2- 



1 + nx fc | ' 



□ 



Analogously to Corollary 4.3 in |14j . for the case k + 1 > 2 we have the following very useful 
inequality. 

Corollary 6.3. Let f be a holomorphic function defined as in the first equation of (|6.1|) . For any 
u so that u(x) = x k+1 £(x), for some bounded holomorphic map £:!!*.—)■ C p_1 with 
{x n } be the sequence of the iterates of x via 

xi = f u {x) := /(x,n(x)) , 



loo < 1, let 
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and let r be sufficiently small. Then for any fj, > k ([A 6 M) and for any q £ N there exists a 
constant C^ q such that, for any x S II*, we have 

oo 

\x n f \1ogx n \ q < C m |log |x|| 9 . 

n=0 



Proof. If x G II* , then Rex > 0, and hence 

9 

k i fc -fc 2 

1 + nx = 1 + nx -\-nx + n 
Then the inequality of the previous lemma becomes 



> 1 + 



nx 



x 



|1 + nx\ k 



< 2 1 / k - 



1 + Inx* 



Recalling that, for x sufficiently small, |logx| < K\ | log |x||, for each \x > k and each gGNwe have 



W |logx n | 9 < K x |x n r | log \x n \\ q < K 2 1 1 = 

2 ^/(l + |nx fc |V 

where = K\2^l k . We then have that there exists K so that 



log- 



(6.8) 



oo _ c 

vix„niogx n | 9 <K / 

n=0 ^ 



(l + |ix fc | 2 )^/ 2fc 



log 



2 1AI, 



1 + \nx 



dt 



fe|2 



Klx 



(1 + S 2 )M/2fc 



log^ 



1 + |tar*| : 
2 x / fe \ x \ 



ds. 



To conclude, it suffices the following estimate 



log 



2 i/fc|, 



<|iosNI 9 E(") 

j=0 v/ 



log 



VTTs 2 



2 i/fe 



In fact, we have 



(l + S 2)M/2fc 



log 



log 



2 i/fc 



(1 + s 2y/2k 



ds. 



that, together with (|6.8|) yields 



^ (Xnl^ |logX n | 9 < C^q |x| M fc |log|x| 



n=0 



where 



log 



2 iA 



(i + s 2 y/ 2k 



ds, 



concluding the proof. 



□ 
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We have the following analogous of Lemma 4.4 of |14j . 

Lemma 6.4. Let f be a holomorphic function defined as in the first equation of (|6. If) . For any u so 
that u(x) = x k+1 £(x), for some bounded holomorphic map t: Ilj. -»• CP- 1 , let {x n } be the sequence 
of the iterates of x via 

xi = fu(x) := f(x,u(x)) . 
Then, if r is sufficiently small, for any i so that \\£\\oo < 1 and ||x^'||oo < 1, for each n E N and 
each x E II* we /iave 



dx n 



dx 



ifc+l 



< 2^ 



Proof. Arguing as in the proof of Lemma 16.21 we have 



(6.9) 



+ alogxi + 6(logxi' 



+ 1 + a log x + 6(logx) 2 + tp(x,u), 



x'f x" 
where tp is holomorphic in x,u,x j logx and 

tp(x,u) = O (x 2k (logx) 1 , \\u\\j = O (x 2k (logx) 1 ,: 
By (|6.9p we therefore have 



n-l 



1 1 

— + a log x n + 6(log x n ) 2 = — + n + a log x + 6(log x) 2 + ^ c/?(x p , u(x p )) 



Differentiating, we obtain 

— ax\ — 2bx k log x n 



(6.10) 



<ix 



fc — ax k — 2bx k log x 



p=0 



n-l 



u dX P 



We shall now proceed by induction on n. We first have to estimate the sum of the remainders 
p(x p ,u(x p )). Prom the hypotheses for £ and the form of ip we deduce the existence of a constant 
K so that 

<K(\\og\x\\ + \\£\\ + \\x£'\\)\x\ 



—<p(x,u(x)) 



For n = 1 we have 



dx\ 




k — ax k — 2bx k loj 


I x + x k+1 


±p(x,u(x)) x k+1 


dx 




k — ax\ 


— 2bx\ log 


X\ x k+1 



< D 



for a constant DgR, that can be chosen to be D = 2, if r is small enough. 



\xi 



fc+i 



ifc+l 



Let us assume, by inductive hypothesis, 
corollary, we have 

n-l 



dXr, 



dx 



\x \ h+1 

< 2 1 p k+1 for any p < n. Then, by the previous 



p=0 1 



<2if(l+||^|| + |K||)^. 



ifc+2 oo 



I ifc+l 



p=0 



p=0 



\k+2 



I log | % 



fc+1 



< 2^(1+11/11 + 11^11) 



/,|xCfc+2,0 . Ck+2,1 



+ 



ifc-l 
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Therefore, we obtain 

dx r 



dx 



< \k-ax k -2bx k log x\ +K 1 \x\ 2 \x n \ k+1 < 2 \x n \ k+1 
| — ax k n — 2bx k log x n | ~ 



for r small enough, and we are done. □ 

6.1. The operator T. To find our desired holomorphic curve, we shall use, as announced, a certain 
operator acting on the space of maps u of order k+1 > 2. We saw that, given a map u(-) = x k+l £(-), 
with I : IT* — > C p_1 , the iterates {x n } of xq G LI* defined via 

Xj+i = f u {xj) := f(xj,u{xj)) 

are well-defined for r sufficiently small. With this choice for u, the operator 



DC 



Tu{x) = x kA x~ kA H(x n , u(x n )) 

n=0 

where A is the matrix associated to the non-degenerate characteristic direction we are studying, 

H(x, u) := x kA {w -wi) = u- x kA x^[ kA u 1 , 

and {x n } is the sequence of the iterates of x under f u , is well-defined, since the series converges 
normally. We shall now restrict the space of definition of T, to obtain a contracting operator. In 
particular, we are going to search for positive constants r, Co and C±, so that T is well-defined on 
a closed subset of the Banach space of the maps of order k + 1 > 2. 
We have the following analogous of Definition 4.7 of 



Definition 6.5. Let k £ N \ {0}. Let h, q £ N be such that hk > 3 and h > 1, and let r > 0. For 
any i = 1, . . . , k, let r be the space of maps u : II* — > C p_1 , of the form u(-) = x kh ~ 1 (log x) q t(-) 
with t holomorphic and bounded. The space B l h r endowed with the norm \\u\\ = ||i||oo is a Banach 
space. 

Definition 6.6. Let k G N \ {0}, and let h, q 6 N be such that hk > 3 and h > 1. Let r, C$ and C\ 
be positive real constants and let E^(r, Co, C\) C B l h r be the closed subset oi B l hqr given by the 
maps so that 

(1) < Co ja;^ -1 |log \x\\ 9 , for any £ G II*; 

(2) < Ci |x| fcft " 2 | log for any x G II*. 
Let T be the operator defined as 



oc 



(6.11) T«(x) = x fcA x- kA H(x n , u(x n )), 

n=0 

where A is the matrix associated to the non-degenerate characteristic direction we are studying, as 
in (|6.5p we have 

H(x, u) = x kA (w -wi) = u- x kA x^ kA ui, 
and {x n } is the sequence of the iterates of x under f u . 
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We shall devote the rest of the section to proving that the restriction of T to E^(r,Co,Ci) is 
a continuous operator and a contraction. It will thus admit a unique fixed point u, and we shall 
prove that the unique fixed point is a solution of the functional equation (]6.2p . 

We shall need the following reformulation of Lemma 4.1 of [14] for the case k + 1 > 2. 

Lemma 6.7. Let {a>x,ct2, ■ ■ ■ ,a p _i} be the directors of A, and let A = max-,{Re ctj}. If e > 0, then 
for any x £ n*, with r small enough, we have 

\\x~ kA \\ < |x|~ fe(A+e) . 

Proof. We may assume without loss of generality that A is in Jordan normal form, that is A = D+N 
where 

D = Diag(ai,a 2 , Op-i), DN = ND, jV p_1 = 0. 

Since D and N commute, we have x~ kA = x ~ k ( D+N ) = x~ kD exp (— kNlogx), and so we have the 
following estimate 

||aT fcA || < ||x- /cD ||||exp(-A;iVlogx)|| < K \x\~ kX |log x\ p ~ 2 < \x\' k{X+£) , 

for r small enough, and we are done. □ 

Remark 6.8. It follows from (|6.1U|) that if u & , then the operator H verifies 

H{x,u(x)) = O (x k ^ h+1 \logx) q+1 ,x k ^ h+1 \logxy^ , 

mapping B\ into intself. We shall see that 

(Tu)(x) = O (x^ilogx)^ , 

for q > p h . 

We have the following generalization of Lemma 4.5 of [13] for the case k + 1 > 2. 

Lemma 6.9. Let T be the operator defined in Definition \6.6l Let A = maXj{Re ctj}, where 
ai, . . . , are the directors of the non- degenerate characteristic direction [v], and let h be an 
integer so that h > A + e. Letph be as in (|6.6p . Then, forr sufficiently small, there exists a constant 
Cq so that, for any u satisfying 

(6.12) ||«(x)|| < C Q \x\ hk ^ \\og\x\\ Ph , 

for each x G II* , we have that Tu satisfies the same inequality in II* . 
Proof. By the definition, we have 

Tu(x) = ^f— ) H(x n ,u(x n )). 

n=0 

Thanks to equation (|6,6p we know that 

H(x, u) = (\\ufx k , \\u\\x k+1 log x, x fc(/l+1) (log x) Ph ) . 
Therefore there exist K\, K% such that 

||fl"(x,«)|| < i^ilMI 2 \x\ k + K 2 \\u\\ \x\ k+1 |logx| + K 3 \x\ k(h+1) \logx\ Ph , 
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in a neighbourhood of 0. From the hypothesis ||u(x)|| < Co \x\ Kn 1 |log it follows that for all 

\\H(x,u{x))\\ < K \x\ k{h+1) |log \x\\ Ph , 
with K not depending on Co provided that r is sufficiently small. Then we have 

\\H{x n , u{x n ))\\ < K \x n \ k(h+1) |log \x n \\ Ph , 
for x £ II* , and r small. By Lemma 16.71 we have 





-kA 


< 




-fc(A+e) 








X 





Applying all these inequalities to Tu(x), and using Corollary 16.31 (note that h > A + e), we obtain 

oo 

[|Tu(s)||<tf£ 



n=0 



I X 



MX+£) \x n \ Kh+1) | log |x n | | Ph < |rr| fe?i |log Ixl \ Ph 



< K \x\ log \x r 



and we are done. 



□ 



For our estimates we shall need the following technical result, generalizing Lemma 4.6 of |14| for 
the case k + 1 > 2. 

Lemma 6.10. Let T be the operator defined as in Definition \6.6l Let h, ph and Co be as in Lemma 
\6.9i Then, for r sufficiently small, there exists a constant C\ such that for any u satisfying (|6.12p 
and 



(6.13) 



|it'(^)|| < Ci \x\ 2 | lo, 



\Vh 



for each x G II* ; then (Tu)' satisfies the same inequality in II* . 
Proof. By the definition of T we have 



Tu(x) = x kA ^2 (x n ) kA H(x n ,u{x n )). 



n=0 



Then, differentiating, we obtain 



d 



d 



d 



— Tu(x) = —x kA [ Y,Xn kA H{x n ,u{x n )) ) +x kA Y^^{x- kA H{x n ,u{x n )) 



dx 



\n=0 



n=0 



On 



du dx n 



Si 



S-2 



d 



n=0 



+ ^ Yl faT [Xn kA H{x n , u{ Xn )) 



dx n 
dx 



s 3 

We then have to estimate Si, S2, and 53. Since 

dx kA _ 
dx 



kAx~ x x kA , 
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we have 



Si = kAx- l x kA i^2x- kA H(x n ,u(x n )) ) , 



\n=0 



and thus, using the same inequalities as in the previous proof, we obtain 



fcllAI 



|Si|| < ■Tr L Co\xr- 1 \log\x\\ Ph = L>i|xr ft -'|log|x|| p % 
\x\ 



where D\ = k\\A\\CQ. For the second term, we have 

<x> 



kA\~^ —kA^H. . du dx r 
S 2 = x kA ^ Xn kA —( XnjU (x n ))- 

n=0 



dXfi dx 



Since kh > 3 the hypotheses of Lemma 16.41 are satisfied, and hence 

fe+i 



dx n 


< 2 


■En 


dx 




X 



Moreover, H(x,u) = O (\\u\\ 2 x k , ||u||x fc+1 logx,x fc ^ l+1 ^(loga;) p ' 1 ) implies that there exist constants 
K\ and K 2 so that 

d 



du 



(H(x,u)) 



< Ki\\u\\ \x\ k + K 2 \x\ k+l 1 log \x\ 



and, our hypothesis gives that there is Cq so that ||u(x)|| < Co \x\ kh 1 1 log |x|| Ph . Therefore 



— {x,u{x)) 



< K±C \x\ kh+k ~ 1 | log \x\\ Ph + K 2 \x\ k+1 | log \x\\<C \x\ k+1 |log |x| 

kh-2 



for some constant C, not depending on Cq. If C\ is so that ||it'(x)|| < C\ \x\ |log |x|| p ' 1 , then 



dH du{x n ) dx n 

{X n ,U[X n J) 

ou dx n dx 



d JL( < w 

Ou n ' n '' 



du(x n ) 



dx n 



dx n 



dx 



< 2Cd \x\~ {k+1) \x n \ 2k+kh |log \x n \\ Ph 



Analogously to the proof of the previous result, ||(^r) kA \\ < |^r| fc *- A+e - ) and, by Corollary 16.3 
have 



we 



|5 2 || < f>CCi 



n=0 



ifcft-2 



%n 


-k(X+e) 




fc+1 


X 




X 




log 









log|x n 



with Z>2 not depending on Co and Ci. 
We are left with the third term 



rt kA \ / / \\ dx n 



n=0 



where G(x,u) = x kA H(x,u), and hence 



OG kA _ kATT , > -kA^H . . 



<9x 



<9x 
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With the same computations as before, using 

H{x,u) = O [\\u\\ 2 x k , \\u\\x k+1 logx,x k ( h+1 \logx) p ^ 



and < Co \x\ 

dH 



kh-l 



| log |x|| , we have that there exist constants K±, K 2 and K3 so that 



dx 



< KAuW 



+ K 2 \\u\\\x\ I log x| + K3 \x 



k(h+l)-l 



I log I X 



and thus there exists C, depending of Co, so that 



dG 



x kA — (x,u(x)) 



<C\x 



I log I X 



\ph+l 



-k(\+e)+k+l 



ifc(/i+l)-l 



I log \x n 



\Ph 



Using again Corollary 16.31 we obtain 

00 

\m<K<Y\- 

I X 

n=0 

< D 3 |a;|* A ~ 2 |log|x|, 
with D3 independent of Co- Summing up, we obtain 

< \\S 1 \\ + ||5 2 || + ||5 3 || < (D 1 + D 2 + D 2 )\x\ kh - 2 \\og\x\r 
and setting C\ = D\ + D 2 + D3 we conclude the proof. 



±Tu(x] 
ax 



□ 



The previous two lemmas prove that T is an endomorphism of E^(r, Co, C\). Now we have to 
prove that T is a contraction. We shall need the following reformulation of Lemma 4.9 of [14] for 
the case k + 1 > 2. 

Lemma 6.11. Letu(-) = x kh ~~ 1 (log x) Ph £i(-) andv(-) = x kh ~ 1 (logx) Ph £2(-) be in E^(r,Co,Ci) and 
let {x n } and {x' n } be the iterates of x via f u and f v . Then there exists a constant K so that 



X n \ <K\ X \ kh \\0g\x\\ Ph \\i 



-1 oo- 



for any n, and r small enough. 

Proof. Let x and x' be in II* . We estimate 

fv(x') ~ fu{x) = f(x',v( X ')) - f(x, U (x)). 

Thanks to f)6. 1 j) . we can find constants a, 6, c and m(x, u) so that 

f v (x') = x' - \{x') k+1 + (x') 2k+1 (a + blogx') + c(x') k+1 v(x') + m(x' ,v), 



fu(x) = x — \x k+1 + x 2k+1 (a + 61ogx) + cx k+1 u(x) + m(x,u). 

Therefore we have 
(6.14) 

r k 

1 + - YlW) i x k ~ i + (\{x")\ 2k I log \x\" 



fv(x') - fu(x) = {X - X) 



i=0 



+ (v(x') - u(x))0 i\x"\ k+1 ) , 
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where x" = max{|x'| , |x|}. Lemma E2] implies x„ ~ (x' n ) ~ - as n — > oo, then we can replace 
with Moreover, since 

(6.15) v(x') = v(x) + O (x kh - 2 (log x) Ph ^j (x' - x), 

we obtain 

v(x') — u(x) = v(x') — v(x) + v{x) — u(x) 

= (x' -x)o(\x\ kh ' 2 \log\x\\ Ph ') + O (\x\ kh ~ 1 \log\x\\ Ph ') \\£ 2 - h\\oc 
Then, substituting in (|6.14|) . we have 

k 



fv(x') ~ fu{x) = {x' - X) 



1 - ~ ^{xjx^ + O (ixl^- 1 |log \x\ \,\x\ 2k I log \x\ 



+ 0(\x 



k 

I log |x| 



i=0 

kh+k n„„ | m \ \Ph 



"2 - *1 oo- 



We are left with estimating f v (x') — f u (x). For x and x' in II* and r small enough we have 

k 



1 - i ^(x') i x fc - i + O (|x| 2fc I log I 

i=0 



1 + x* < 1. 



Moreover, there exists a constant iT such that 

\f v {x') - f u (x)\ < \x' - x\ + K \x\ kh+k \log\x\\ Ph 



Iterating, we obtain 

| /"(a/) - < - ar| + # ^M*^ |log \ Xi \r ¥2 ~ h\ 



n-l 



for any n. 

In particular, if x = x', we have 



n-l 



|*^n ^"Ti I — ^ ^ ^ 



i=0 



|log|Xj|| P ' 1 



t2 - tl co 



i=0 
^/ 1 ifc/i 



^^'N^iiogixini^-^iiu, 

where we used Corollary 16.31 to deduce the last inequality, and we put K' = KC k ^ h+ i^ Ph . 



We now have all the ingredients to prove, as in |144 Proposition 4.8], that 



(r,C ,d) 



□ 
is a 



contraction. 

Proposition 6.12. Let T be the operator defined in Definition \6.(A Then for r small enough 
is a contraction. 
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Proof. We have to prove that given u(-) = x kh 1 (log x) Ph £i(-) and v(-) = x kh 1 (log x) p,l 4(-) in 
E^(r, Co,C\), we have 

\\Tu-Tv\\ <C\\u-v\\ 

with C < 1. 
We have 



Tu(x) - Tv(x) = x kA [xn kA H(x n , u{x n )) - x'~ kA H(x' n , v{x' n )) 

n=0 



hence 



oo oo 

Tu(x) - Tv(x) = x kA *n kA [H(x n , u{x n )) - H(x' n , v(x' n ))] + x kA 



kA _ t-kA 



H (x' n ,v(x' n )) 



n=0 



n=0 



Si s 2 

For Si, since H(x, u) = 0(\\u\\ 2 x k , \\u\\x k+1 log x , x k ( h+1 \log x) Ph ) , for u(x) = x kh ~ 1 {\ogx) Ph ii{x), 
there exist a(x,u) and f3(x,u) holomorphic in the variables x, u and x k (logx) Ph , so that 

=ux fc+1 (logx)a(x,u) +x fc(h+1) (logx) Ph /3(x,n). 
Therefore, by the inequalities in the proof of Lemma I6.1UI we obtain 



\H{x n ,u{x n )) - H{x' n ,v(x' n ))\\ < K 



dH 

dx 



x n , u(x n )) 



Xji X n "T 



dH 

du 



(x n , u(x n y) 



\u(x n ) - v{x' n )\ 



\u(x n ) - v(x' n )\\ \x n \ k+l |log |x n || + \x n - x' n \ \x n \ k{h+l) 1 |log \x n \ 



Arguing as in the proof of Lemma 16.114 thanks to (|6.15p . there exist constants A', B' and K 2 such 
that 

\\ V (x' n ) - U(x n )\\ < A' K - Xn \ \x n \ kh ~ 2 |log |x n |r + B' ^nf 1 - 1 I log \x n \\ Ph \\l 2 - 4||oo 



< K 2 \x n \ kh ~ 2 |log \ Xn \\ Ph [\ X \ Kn |log |x|r + Klj ||4 " 4||oo, 

where the last inequality follows form the previous lemma. Then 



11*11 <*iE It 



n=0 



-fc(A+e) 



{ 



ik(h+l)-l 



I log |x r 



IP/, 



K 2 \x n \ k ^- 1 |log |x n || Ph + 1 [|*|^ |log |x|r + knl] 114 " 4||oc} • 



Moreover, setting 
o 1 / 1 1 



fc(h+l)-l 



|log|x n || Ph +i4 \x 



ifc(h+l)-l 



iio g |x n ir +i ix| feft |iog|xir + ki ii4-4iu, 



A7i 



we have 



S < K' \x n \ k{ - h+1 ^ 1 I log |x n |r I log \x\\ Ph ||4 - 4||oo 

+ K 2 IXn^ 1 ^ 1 I log |x n |r + 1 |x| feh |log|x|r 114 - 4| 

+^ 2 |x n | fc( ' i+i) iiog| a;n ir +i ii4-4iioo 
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and applying Corollary [67 



|Si|| < Ci M^" 1 1 log \x\\' Ph \\t 2 - 4IU + C 2 Ixl 2 ^" 1 |log |x|| 2ph+1 ||£ 2 - h\ 



\2kh-l I, I \\2p h 

| log p|' 



+c 3 |xr ft iiog|xir +i n^-£ 1 || 00 
^^iN^iiogixir+^i^-^iu. 

We now consider S 2 . We can write 



I - exp ( -A log — 



Therefore 



J - exp ( - kA log -a ) ) if «, 

■En 







< c 


ifeAlog^ 







\H(x' n ,v(x n ))\ 



< C AX \ ^ \x n \ k{h+1) |log \x n \ \ Ph 



< C"x k ^- X | log KIP" 1 | log \\l 2 - h\ 
|2fcfc - 1 |logla?||^»* \\l 2 -li 



'1 DO' 



By Corollary 16.31 we have 

H-S2II < K 2 \a 

Thus, for r small enough, there exists K such that 

\\Tu{x)-Tv{x)\\ <K\x\ kh \\og\x\\ Ph \\l 2 ~k\\oo- 

From the definition of the norm in (r, Cq,Cx), we have then that for r small enough there is 
c < 1 such that 

||T« — Tv|| < c\\u — v\\, 

proving that T\ E i ^ Co c ^ is a contraction. □ 

Corollary 6.13. Let T be the operator defined in Definition \6.6[ Then there exists u : II*, — > C p_1 
holomorphic and satisfying (]6.2p . 



Proof. Thanks to the previous Proposition, T is a contraction, and hence it has a unique fixed 
point u £ E^(r,Co,Ci). It suffices to prove that this u satisfies (|6.2p . The definition of H gives us 
that f(x, u)~ kAl ^(x, u) = x~ kA u — x~ kA H(x, u), and hence 

H(x, u(x)) = u(x) - x kA x^ kA ^(x, u(x)). 

We therefore obtain 



Tu(x) = x kA ^x- kA H{x n ,u{x n )) 



n=0 



= u{x) - x kA x^ kA ^(x, u(x)) + x kA x^ kA [u{xi) - x kA X2 kA ^(xi, u(xi))] H . 

This implies that Tu = u if and only if 

-x kA x± kA [$>(x,u(x)) - u(xi)] - x kA X2 kA [^{x 1 ,u(x 1 )) - u{x 2 )\ H = 0, 
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that is 

*(x„,u(x„)) = u(f(x n ,u(x n ))) for any n > 0, 
and this concludes the proof. □ 

7. Existence of attracting domains 

In this section, we shall prove that given non-degenerate attracting characteristic direction [v] 
it is possible to find not only a curve tangent to [v], but also a open connected set, containing the 
origin on its boundary and so that each of its points is attracted by the origin tangentially to [v], 
that is, the following generalization of Theorem 5.1 of [13] for the case k + 1 > 2. 

Theorem 7.1. Let F G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2, and 
let [v] be a non- degenerate characteristic direction. If [v] is attracting, then there exist k parabolic 
invariant domains, where each point is attracted by the origin along a trajectory tangential to [v] . 

Proof. Since [v ] is a non-degenerate characteristic direction, we can find r, c > so that we can 
choose coordinates (x,y) G C x C p_1 holomorphic in the sector 

S l rc = {( x ,y) G C x C p_1 | x G nj., \\y\\ < c\x\} , 

where II* is one of the connected components of P r = {\x k — r| < r}, so that, after the blow-up 
y = ux, F is of the form 

j xi = f(x,u) = x - \x k+l + O (||u||x fc+1 ,x 2 ' c+1 logx) , 
\ u\ = ^(x, u) = (I — x k A)u + O [\\u\\x h+1 logx, ||w|| 2 x fc ) . 

In particular, after the blow-up, < c. 

Without loss of generality, we may assume that A is in Jordan normal form. Let {ct\, . . . , a p _i} 
be the eigenvalues of A. Thanks to the hypthesis, we have 

Rectj > 0, j = l,...,p- 1, 

and hence there exists a constant A > so that Reaj > A for all j = 1, . . . ,p — 1. We can also 
assume that the elements off the diagonal in the Jordan blocks are all equal e, with e < A. 

We shall now restrict our sectorial domain to obtain good estimates for x\ and u\. We define, 
for j = 1,... ,p- 1, 

Aj := {x G C 

Consider the sector 

5 7iP := {x G C | | Im x| < 7Rex, |x| < p}. 
Since Reaj > 0, there exist positive constants 7 and p so that, setting for each i = 1, . . . , k, 

S^y p '. = {x G II r I x G S^p} 

we have 

p-i _ 
s; p c p| Aj n D r c 14. 

3=1 

We want to check that, for any i = 1, . . . , k, the k sets 



<!}• 
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are invariant attractive domains. 
Recalling that there is K so that 

-{I- x k A)u\\ < K{\\u\\ \x\ k+1 | log |x|| + ||u|| 2 \x\ k ), 
for (x, u) G At, n „ we have 

\\ui\\ < \\{I-x k A)u\\ +K\\ u\\ \x\ (|x| I log \x\ I + ||u||) , 
and, provided that 7, p and c are small enough, 
(7.1) 

where we used that 



kill < ||n||||/-x fc A|| < ||u||(l - \\x\ k ) < \\u\\ 



\I — x A\\ < max 



1 — CXjX 



+ \x\ e < 1 - (A + e')|x fe | + e\x 



Therefore ||ui || < c. 

To estimate x\, since we know that x\ = x — \x kJrl + O (||n||x fc+1 , x 2k+1 logs), we have 



(7.2) 



"4 = ^r + l + O ( \\n\\..r'' loR.r) . 



Therefore there is C, not depending on u, so that 
(7.3) 



1 1 ! 



< C\\u\\ + K\x\ k |log |x|| < Cc + K\x\ k I log |x|| . 



We shall use this last inequality to prove that A\, pc is an invariant domain. In particular, it suffices 
to check 

""ill ^ c 
Im x\\ < 7Re 
x\\ < p. 

We already estimated u\ in (|7.ip . On the other hand, to prove that S % lpc is /-invariant it suffices 
to prove that, for u small enough, (S^ iPiC )* = {x G C | - G Sj^ p } is ^yp-invariant, which follows 
from (|7.3|) using the same argument as in the proof of Leau-Fatou flower Theorem. 

To finish, it remains to check that, given a point (x, u) G 5* pc , its iterates converge to the 
origin along the direction [1:0]. We shall first show that x k ~ ^ and ||ii n || < C^T' f° r an y fixed 
< A < maxj Re ay . It follows from (|T.2[) that 

1 1 n— 1 

-r = -r + ^ + y]0 ( \\ui\\,x k logXi) , 
a;* x fe ^ V J 

and hence 

n-l 



—j = -^t: + 1 + (hi\\,x%logXi) , 

where the sum is bounded. Therefore 



i=0 



0(1) 
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yielding 



x k ~ 



n 



Finally, take fi < A (where A is the positive constant so that maxj Re ay > A. Then 



x 



1 



1 - -x K + 0[x 2k log x, \\u\\x' 



- —kfi 



-x~ k » 



-k/i 



and hence 

It thus follows that 

hill Ixil"*" < ||«||(1 
< ||w|| I a; 

Therefore, there exists C so that 



1 + fix k + O (\\u\\x k ,x 2k log a;) 

fc ^(l + A|af ) = 



1 + fix k + O (x 2k logs, ||n||x fc 



< |xr^(i+A|x| fc ). 



- A|xf) |x| 

-kfi 



U X 



-kfi 



(1 - X 2 \x 



2k\ 



X 



„i fcM < ||n|| |x| 



implying 

Then, ||n n || = O 
direction [1:0]. 



I 



n 



||^n|| — G \Xji\ 

. This shows that each (x,u) G A* _ 
8. Parabolic manifolds 



converges to the origin along the 

□ 



Let $ G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2, and let [V] = [1:0] 
be a non-degenerate characteristic direction. We can divide the set of the directors of [V] into two 
sets: the attracting directors, i.e., the set {Ai,...,A a } with ReXj > for j = 1, . . . , a, and the 
non- attracting directors, i.e., the set {fx, ...,//&} with Re^ < for fa = 1,...,6. Let dj be the 
multiplicity of Xj for j = 1, . . . , a and let d := c/i + ■ ■ ■ + d a - We know that, after the blow-up, we 
can assume that $ is of the form 

{x\ = fix, u, v) = x — \x k+l + F(x, u, v), 
u i = 9( x , u i v ) = (Jd ~ x k A)u + G(x, u, v), 
v\ = h(x, u, v) = (Ii — x k B)v + H(x, u, v), 

where A is the d x d matrix in Jordan normal form associated to the attracting directors, B is the 
I x I matrix in Jordan normal form associated to the non- attracting directors (where I := p — d— 1), 
and with F, G, H so that 

F(x,u,v) = O (|| (it, v)\\x k+l , x 2k+l log a;) , 
(8.2) I G{x,u,v) = o \\\{u,v)\\x k+l \ogx,\\{u,v)\\ 2 x k ) , 

k H(x,u,v) = O (\\(u,v)\\x k+1 logx,\\(u,v)\\ 2 x k ) . 

Moreover F, G, H are holomorphic in an open set of the form 



A r , p = {(x,u,v) G C x C d x C^" 1 



r < r, |K«,i>)|| < p 



}■ 
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and therefore also in the set 

Sy, s , P := {(x,U) G C x C^ 1 \\mx k \ < 7 Rex fe , \x k \ < s, \\U\\ < p} C A r>p . 

In the next result, the analogous of Proposition 2.2 of [15], we shall see that it is possible to 
further modify the last p — d — 1 components of 

Proposition 8.1. Let $ G Diff(C p , 0) be a tangent to the identity germ of order k+1 > 2 as in (|8.ip . 
mi/i [V] = [1:0] non- degenerate characteristic direction so that the matrix A(v) = Diag(A, B) 
satisfies 

Re Xj > a > 0, for any Xj eigenvalue of A 
Re fij < 0, /or any /i,- eigenvalue of B. 

Then, for any choice of N,m > 2, it is possible to choose coordinates (x, u, v) in A rjP; with H 
satisfying 

H(x,u,0) = O (\x\ k \\u\\ m + \x\ N ||n||) . 

Proof. Thanks to (|8.2p . it is possible to write H(x, u, v) in a more convenient form. Indeed, for any 
N G N we have 

(8.3) H(x,u,0)= c S)t (u)x s (log xf + 0^\\u\\\x\ N \log\x\\ hN Y 

k<s<N,t£E s 

for some hjsi G N depending on N, where for any s we define E s as the (finite) set of integers t so 
that the series above contains the term x s (\ogx) 1 , and where c S: t{u) are holomorphic in ||-u|| < p 
and c Si j(0) = 0. We shall prove by induction on s, t and the order of c S) t(u), that, if s < N, using 
changes of coordinates of the form v = v — (p(x, u), it is possible to obtain c S) t of order at least m. 
We shall need the following reformulation of Lemma 2.3 of [15] for the case k + 1 > 2. 

Lemma 8.2. Let $ G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2 as in (|8,ll) . 
with [V] = [1:0] so that A(y) = Diag(A, B) satisfies 

Re Xj > a > 0, for any Xj eigenvalue of A 
Re fij < 0, for any /j,j eigenvalue of B. 

Let H be so that (I8.3P holds, let s be the smallest integer in (18.31) . and let m > 2; for such an s, let 
i be the greatest integer in E s so that c g f has order d less than m. Then there exists a polynomial 
map P(u), homogeneous of degree d, with values in C , such that, after changing v in 



v = v 



„s—k 



(log xfP(u), 



Cg i(u) has order greater than d. 

Proof. Since c s i(u) has order d, we can write 

c s -» = Q(n) + 0(||n|| J+1 ), 

where Q(u) is a homogeneous polynomial of degree d, and takes values in C'. Moreover, the term 
c s -t(u)x s (logx) t in (|8.3p is 

(8.4) H(x,u,0) = c s> t(u)x E (log x) f + ^ c S)t (u)x s (logx) f + O (\\u\\ \x\ N |log \x\\ h 



k<s<N, 
t£E s , (s,t)^(s,t) 
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Using a change of coordinates of the form 

v = v — x s ~ k (log x) l P(u), 

with P(u) homogeneous polynomial, we have 

v 1 =v 1 - xf" fc (logxi)*P(m) 

= (J, - x k B)(v + x s ~ k (log xfP(u)) + H(x,u,v) -xf _fc (logxi)*P(ui) 

= (Ii-x k B)v + H(x,u,v), 

where H (x, u, v) := (Ii — x k B)x s ~ k (log x) t P(u)+H(x, u,v+x s ~ k (log x) t P(u)) — x s 1 ~ k (log xi)*P(«i). 
Expanding H (x, u, 0) we obtain 

H(x,u,0) = x°- k (log x) l P(u) - Bx s (log x) T P(u) + H(x,u,x s ~ k (log xfP(u)) 
(8 ' 5) -xl^ilogXifPiux). 
We have 

H(x,u,x s ~ k (log xfP(u)) = Q(u)x s (log xf + f\\uf +l x s (log xf, \\u\\ V(log z) f_1 , ||u|| \x\ N \log\x\ 
and 



xl^OogxtfPim) 



x s k - ^— —x s + (\\u\\x s ,x E+k logx 



(logxfP(ui) + O (x s ~(logx)*j P(u x 

x*~ k (log x) l P(u) - x s ~ k (logxY(gi:&dP;x k Au) - - - k x s (log x) l P(u) 

k 



+ O (x s (logxY, \\u\\x s (log x)\x s+k (log X)P(U!) ) , 

where we used 

P(u x ) = P((I d - x k A)u) + O (x s ) 

= P(u) + (grad P, -x k Au) + O (x 2k ,x°' 



It is then clear that the terms of order s — k in (|8.5[) cancel each other, whereas we can put in 
evidence the terms of order sins and of order d in u. In particular, the / homogeneous polynomials 
of degree d of Cg j in (j8.5j) vanish identically if and only if P satisfies the following I equations 

(8.6) (gradPuAu) - ^B-^^I^P(u)j =-Qi(u) i = l,...,l. 

These equations form a square linear system in the coefficients of P. Therefore, to prove that such 
a system has a solution it suffices to prove that 

(8.7) {padP i} Au)- ^(b-^I^P(u)J =0 i = 1, . . . , I P = 0. 

Moreovere, since B is in Jordan normal form, if we denote by £n+i the elements out of the diagonal, 
we can rewrite the previous equation as 

, \ dPi, . , dP , . , / s-k" 



dui (A u)l + ... + —(Au) q - - — ) Pl - £i , i+1 P i+1 = 0, 
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recalling that, for any 1 < i < I, we have e^+i = or 1, and £z,z+i = 0. Therefore, arguing by 
decreasing induction over i from I to 1, we reduce ourselves to solve 

dR , . \ dR , . . / s — \ „ „ 

(8.9) g-^h + . . . + ^(Aa), _^-_jfl = =»J J = 0, 

for a homogeneous polynomial i? of degree d. By Euler formula, we know that 



R = dT 1 



dR dR 

- Ml H h - M d 

OUi OUd 



We can therefore reduce ourselves to solve 

d /? r9 
(8.10) + • • • + — (C t u) d = =^ it> = 0, 

OU\ OUd 

where C{ = A — (uj — s + k)^" 1 ^ is invertible, since from our hypotheses Re (a — /^~f+ fe ) > 0. We 
prove (|8.10p with a double induction, on the dimension d and on the degree d of R. For any degree 
d, if d = 1, then there exists a constant -KTj so that R = Kiuf; then, since a — ^~^+ k we na ve 

<9i? / Ui — s + k\ j 

— a - — — = Uti = = => Ki = 0, 

aui \ d J 

implying R = 0. Similarly, for any dimension d, if d = 1, then there exist constants a±, . . . ,a d so 
that R = a\U\ + • • • + a^Md; hence 

ai(Cjti)i H h a d (Ciu) d = ai = • • • = o d = => i? = 0. 

Assume, by inductive hypothesis, that (|8.10p holds for any pair (d — 1, d) and (d, d—1), with d > 1 
and d > 1, and we shall prove that (|8.10j) holds also for (d, d). Assume that (grad R,Cu) = for 
a certain homogeneous polynomial R of degree d in q variables. By inductive hypothesis, setting 
R(ui, . . . ,u d - X ) := R(ui, . . . ,n d _i,0), we have 

(gradfl.C'. («!,..., « d _i,0)) = 0=^^ = 0, 
and so i?(u) = UdS(u), with S homogeneous polynomial of degree d — 1 in d variables. Therefore 
(grad R, Cu)_ Q ^ ^ / _ g = Q 



Again, by Euler's formula, we can then write 

(grad S, C'u) = 0, 

with C = C + Xd — J +k ^ d J dj an d applying the inductive hypothesis, we obtain 5 = 0, and thus 
R = 0. □ 

We shall now apply the previous Lemma, for the integers s and t, until c Si t(u) has order at least 
m. Then either E s = 0, or the greatest t' in E s is less than t. In this last case, we can apply again 
the Lemma, with integers s and t', until E s = 0. We can then apply the Lemma with s + 1 instead 
of s, until we have s + 1 = N. This proves the proposition. □ 
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We shall prove, analogously to the way we found a parabolic curve, that we can find parabolic 
manifolds as fixed points of a certain operator between spaces of functions, proving the following 
generalization of Theorem 1.6 of [H] for the case k + 1 > 2. 



Theorem 8.3. Let $ G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2. Let [V] 
be a non- degenerate characteristic direction and let A = A(V) be its associated matrix. If A has 
exactly d eigenvalues, counted with multiplicity, with strictly positive real parts, then there exists a 
parabolic manifold of dimension d+1, with on its boundary, and tangent to CV © E in 0, where 
E is the eigenspace associated to the attracting directors, and so that each of its points is attracted 
to the origin along the direction [V]. Moreover, it is possible to find coordinates (x,u,v) in a sector 
of C x C d x so that the parabolic manifold is locally defined by {v = 0}. 

Proof. We may assume that <3? is of the form (|8.ip . with [V] = [1:0] so that A{v) = Diag(A, B) 
satisfies 

Re Xj > a > 0, for any Xj eigenvalue of A 
Re fij < 0, for any fij eigenvalue of B, 

and 

H(x,u,0) = 0(|x| fc ||u|r + IxHMI), 

with m, N > 0. 

We shall search for 4>(x,u), holomorphic in a sector 



(8.11) 

so that, for 



we have 
(8.12) 



S. 



{(x,u) G C x C d | |lmx fe | < 7Rex fc , \x\ < s, \\u\\ < p}, 



xf = f(x,u,(f){x,u)), 
uf = g(x,u,<f>(x,u)), 



(xf,u{) = h(x,u, 4>(x,u)). 



Repeating the same changes of coordinates performed in the Section 6, we first transform v\, for 
Rex > by setting 



and we define H\ as 



w = x kB v, 



-kB ; 



w — w\ = x " Hi(x,u,v). 



From the definitions of x\ and u\ in f|8. 1 j) . we have 



x -] 



-kB 



X 



-kB 



I + x K B ) +0 ( \\u\\x K ,x 2k log x 



and 



Ml 



-kB 



I + x K B ) +0 ( \\u\\x K ,x 2h logx 



(I -x k B)x kB w + H(x,u,v) 



(i + O (\\u\\x k , x 2k log w + x~ kB [i + 0(x fc )) H(x, u, v). 
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Hence H\(x,u,v) satisfies the same estimates as H(x,u,v): 

Hi(x,u,v) = O (\\u\\ 2 x k , ||u||x fe+1 logx\ , 



and 

(8.13) Hi(x,u,Q) = O (\x\ k \\u\\ m + \x\ N \\u\ 

Therefore (|8.12p is equivalent to 



.14) 



-kB, 



x,u)-x^ kB (i){x (p 1 ,u <p 1 ) = x- ka H 1 {x,u,(i){x,u)) 



kB ; 



-d-1 



Operator T. Let {(x n ,u n )} be the iterates defined by 

{x\ = f(x, u, 4>(x, u)) = x — \x k+1 + F(x, u, <j){x, it)), 
uf = g(x, u, <fi(x, u)) = (id — x k A) u + G(x, u, <p(x, u)), 

with / and g as in (|8.ip . and holomorphic from the sector S^ jSjP , defined in (|8.1ip . to C p ' 
Now we consider the operator 

oo 

T<f>(x, u) := x kB x~ kB Hi(x n , u n , <p(x n ,u n )). 
n=0 

We shall prove that this operator, restricted to a suitable closed subset T of the Banach space of 
bounded holomorphic maps (j) '■ a p — > C p_d_1 , is a contraction. Then there exists a unique fixed 
point in J 7 , and, by the definition of T, such a fixed point will be a solution of (|8.14p . 
We shall proceed as follows: 

(1) we shall prove that there exists a constant Kq > such that 



(8.15) 



<K (\\u\\ m + \x 



\N—k 



\\T<t>(x,u)\\ <K (\\u\\ m + \x\ 



N-k 



U 



(2) we shall prove that if Kq > satisfies (|8.15p . then there exist positive constants K\ and K<i 
such that 



5.16) < 







< 


dx 




d± 
du 



< jCi(H m + IHI Isl^ - * -1 ), 

\N—k\ 



< Ko(\\u 



\m— 1 



+ \x\ 





&T<j> 


< 


dx 




dT<f> 




du 



< Ki(||n|| m (xp 1 + ||u|| \x 



<K 2 (\\u\\ mr - 1 + \x\ N - k )] 



N-k-U 



(3) considering the Banach space (Fq, ||-||o) defined as 



F = W : 5 7 , 



CP 



-d-l 



< +oo}, 



with the norm 



\x,u) 



o := sup 



i n iim . I I JV— fc II || 
X,U \\U\\ m + \X\ U 



we shall prove that the subset T of Fq, given by the maps (j) satisfying ()8. 15[) and ()8.16|) 
with the constants Kq, K\ and K 2 we found in (1) and (2) is closed; 
(4) we shall finally show that T is a contraction. 

We first prove the following analogous of Proposition 3.2 of [15J. 
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Proposition 8.4. If m and N are integers so that Hi satisfies (18.13f) . then there exists a positive 
constant K$ such that, if 



Ml) 



(x,u)\\< K \\u\r + \x 



\u\ 



then 



(1) the series defining the operator T is uniformly convergent in S-y tSjP n {(x,u) G C p 

II hi i — ka -i i 

\\u\\ \x\ < 1}; 

(2) also \\T(ft(x,u)\\ satisfies the same inequality 



\\T<f>(x,u)\\ <K (\\u\\ m + \x 



N-k 



Proof. Since all the eigenvalues of A have strictly positive real parts, as we saw in Theorem 17.11 

for any (x,u) G Sy tSiP we have 

-ka 



lim | m n | \x n \ = 0, 

n— >oo 



where a > is strictly less then the real parts of the eigenvalues of A. Therefore, without loss of 
generality, we may assume that ||it|| |x| _fca is bounded by 1. Let /3 < ka be a positive real number 
so that each eigenvalue fij of B satisfies Re fij < f3. By Lemma 16, 71 this implies that there exists a 
constant C\ > so that 



\x kB x- kB \\ < d 



-k/3 



Moreover, choosing 7, s, p small enough, if (x, u) G S ljS)P , then 





<~ II II <~ II II I I — ^ a I 
n 



Thanks to the hypotheses on Hi(x,u,v), there exist positive constants K\ and so that 
(8.18) ||i2i(x, v) \ <K\{ || n|| m |x| fc + Ixl^llnll )+K2\ \\v\\ |x| fc+1 |log |x| I 9 + ||f|| 2 |x| fe + ||w||||u|| \x\ k ), 



for a certain q G N. 

Let us assume that \&(x, u)\ < K ( ||»||"' + j r 
have 



N-k 



u\\ ) for a constant > 0. For v 



(x,u), we 



fc+i 



I log (xll 9 + ||u|| 2 |x| fc + II w II II u II |x| fc = O (\\u\\ + \x\ I log IxH 9 ) ( 
Hence, taking s and /? small enough, we have 

\\Hi{x,u,(j){x,u))\\ < (#1 + 1) (|x| fc ||n|r + 1x^11^11) , 



\k 11 \\m ,i 1 TV" 1 1 1 

x u + x u 



12 



M. ARIZZI AND J. RAISSY 



and therefore 

oo 

iit^,u)h<x; 



Xn \-kB 

— Hx{x n ,u n ,(j){x n ,u n )) 



n=0 

<(#i- ' \ - 



<(^+i)>:i^ 



oo 

n=0 ' 

oo 

E 

n=0 



-k/3 



-k/3 



I k+kam 



. I I AT II | 



It 



-kam 



Since /cq > /?, the series is normally convergent in the set {||it|| \x\ 
exists a positive constant Kq, depending only on Hi, so that 



"I" \%n 
ka 



N+ka 



\U\\ \X\ 



< 1}. By Corollary 16.3^ there 



im i I \N-k II | 

+ \x\ \\u\ 



□ 



\\T<P(x,u)\\ <K (\\u 
Then, to conclude the proof it suffices to take K = Kq. 

Let J-o be the set of holomorphic maps from S 7:StP to C p , satisfying (|8. 1T|) with the constant Kq 
of Proposition 18.41 We just proved that T maps J-q into itself. Since we want T to be a contraction, 
we need to restrict this set. We first do it by restricting the domain of definition of the maps in Fq. 

Choice of the domain of definition D. In the following, instead of 5* 7iS) p, we shall use the 
following domain of definition for the maps </> 



V := S~, 



\u\\ \x\ 



-ka 



<1}, 



^y,s,p n {(X,U) G C 

and we shall denote with Tq the set of maps 4> : T> — > C r satisfying (18.17p . We shall prove a result 
analogous to Proposition 18.41 for the partial derivatives of <fi. To do so, we shall need bounds for the 
series 



and 



E 

n=0 



DO 

E 

71=0 



d_ 

dx 



x \-kB 

— ) Hi(x n ,u n ,(p(x n ,u n )) 



x 



^|(~) Hi(x n ,u n ,<j)(x n ,u n ))\ 



We thus have to control the partial derivatives |?ff I, II ^11) ||^f| 



I du n 



I dx r . 



and 



I du„ 
I du 



Following Lemma 3.5 of [15], we have the following estimates. 

Lemma 8.5. Let 5 = min{ka,k}, and let e > 0, with e < 5. Then, for j, s and p small enough, 
we have the following inequalities in T>: 



dx n 


< 




l+8-2e 


du n 




dx 




X 




dx 



< 



U Xr 



x 



l+8-2e 



dx r . 



du 



|l+<5-2 £ 



< j , and 



x 



du n 


< 




du 




X 



S-e 



Proof. We argue by induction over n. If n = 1, deriving x\ 
and ui = (I — x k A)u + O 



\u\\ 2 x k , 



x - \x k+1 + O (x 2k+1 , 



\u\\x 



dx± 




dx 





u\\x k+1 logx) with respect to x and u, we obtain 
1 



k+1 log x) 



-x K + o(x K , 



k 



< 


Xl 


k+l-2e 




X 





because 



Moreover 







\xi\ 


k+l-2e | 


\x\ 
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1 - z±^x k + o(x k )\, and 



dx 



< K\\u\\ \x 



k-i 



dx\ 



du 



<K\x\ k+1 < 



\Xl 



l+<5-2e 



,5-e 



and 



du 



< 



1 — ax 



< 



X 



S-e 



for 7, s and p small enough. By the definition of we deduce 



dx n 



+i 



dx 



and 



Hence, by inductive hypot 



< 



du 



1 - 



k + 1 j, , j,. 
— — + o(x k ) 



dx n 



dx 



n+l 



dx 
nesis, 



< K\\u r . 



dXr 



dx 



+ 



+ K\x n \ k+l 
du 



du n 



dx 



1 — ax r 



dx 



dx n+ i 


< 


Xn 


l+8-2e ^ 


dx 




X 





< 



Xn+1 



l+S-2e 



^±±Rex k + o(x k ) + K\\u\\\x n \ 1+£ 

. 1 + 6 -2e k , k . 
1 x k + o(x k ) 



because 1 + 5 — 2e < ^rr- On the other side, using the inductive hypothesis and the inequality 



I II ^ II ill I —ka i i ka 1 , ■ 

\Un\\ < IMI \x\ \x n \ , we obtain 



du n 



+1 



dx 



< 



u 



\8-e 



il+<5-2£ 



(l - aRex k n + o(x k ) + K \x\~ ka \x n \ 1+ka - £ ) , 



which is less than j ^+JL 2e |x n+ i| £ , because S — e < ka. Arguing analogously by induction, we 
prove also the inequalities for the partial derivatives with respect to u. In fact, 



dx n+ i 



du 



< 



< 



< 



k + l u r k\ 

1 — < + o(x k ) 



k 

ifc+l-2e 



dx r 



du 



+ K \x n 



k+l I. du n 
du 



ifc+l-2e 



^±l x k n + o(x k ) + K\x n \ S+£ 



,8-e 



because 5+1 — e < k + l, and 



dun+i 



du 



< K\\u n 

X n +1 



dx n 



du 



1 — ax. 



du r 



du 



< 



X n 



S-e 



l-aRex k +o(x k )K\\u\\ 1 -^- 



\2k+ka-5 



\ka 



< 



X 



S-e 



because 5 — e < ka. This concludes the proof. 



□ 
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We can now prove the following reformulation of Proposition 3.4 of [15] for the case k + 1 > 2. 
Proposition 8.6. Let (p be in Tq. There exist positive constants K\ and K 2 so that, if we have 



(8.19) 





d<t> 


< 


dx 


i, 


d± 
du 



- 1 " I i \\m 1 1 — 1 1 1 \N—k—l ,, 

< K\ ( \\u\\ \x\ + \x\ \\u\ 



< K 2 ( Unir- 1 + \x\ N ~ k 



than the same inequalities hold for 



' dx I 



and 



I du I 



Proof. We first deal with the partial derivative of H\. There exist positive constants C\ and C 2 so 
that 

WH^x.u^W < d (\\u\\ m \x\ k + \x\ N \\u\\) + C 2 (\\v\\ \x\ k+1 1 log \x\\ q + IMI 2 \x\ k + ||u[|[|v[| |x| fc ) . 
Then there exist positive constants C3 and C4 such that 

(u 1 1 ?7i 1 ifc-1 , 1 1 AT— 1 11 n\ . n (u I, 1 ,fc 1, 1 1 1 q . || 1 1 2 I ifc-1 1 11 mi 111 \k-l 

u + ^4 ^ ^ log x r + m x + 1/ M r 



< C, lluir Is 



<9x 

On the other side, 



+ \x 



du 



< c 5 ( \\u\r- 1 \ x \ k + w N 



+ C 6 ||v|||x| , 



for some positive constants C5 and Cq . Finally, there exist positive constants C7 and Cg such that 



dHx 



dv 



< C7 ( |x| fc+1 |log \x\\ q + ||u|| \x\ K + ||u|| \x\ K ) < Cs\x 



Let us assume that there exist positive constants K and K' such that 





d± 


< 


dx 


< 


d± 
du 



1 ■ 1 11 \\ m 1 i—l , 1 1 A'" — A; — 1 11 1 

< K \\u\\ \x\ + X \\u\ 



^- tsi I II nm-1 1 I \N—k 

< K ( \\u\\ + x 



Then we have 



dT<f> 



dx 



00 

n=0 
00 

n=0 



9 f /X 



<9x 



#l( 



dx V V x 



|i?i(x n ,n 



+ 



+ 



X 
X 11 



-kB 



-kB 



dHx 



dx 

dHx 

dv 



dx n 



dx 



dx 



+ 

dx n 
dx 



dHx 



du 



+ 



du r , 



du 



dx 

dUn 

dx 
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We now use Lemma 15751 to give estimates. We have 



d_ 

dx 



X 



\H x {x 



< \\-kB\\ 



•En 


-kfi 


1 


%n 


1 + &-2E 


X 






X 





^ \x\ 



X 30<t 



\k+l 



[C 1 + C 2 K (\x n \\log\x n \\ q + 



fan || \%n I I •En 

X n ,U n )\\ + \\u. 



1 , i \N-k-l 



\U r . 



Similarly 



dx 



dx r 



dx 



<T I II ll m I I -1 _l I \N—k—l II |i\ | \k 
— I 1 1 \%n\ ~r \X n \ \\U n \\ I \X n \ 



C 3 + C4K0 (\x n \ I log |x n || 9 + \\4>(x n ,u n )\\ + ||u„| 



l+5-2e 



and 



8H X 



du 



du n 



dx 



<r I II ll m I I -1 _j_ I \N—k— l || ii\ 1 \k 
— I ll^n \%n\ ~r U^n ) \^n\ 



\U\\ \X 



\S-e 



n 



»l+5-2e 



Finally 



<9;> 



<9x 



dx 



du 



du. 



dx 



< C 8 ( \\Un\\ m \x n \ 1 + \Xn\ N * 1 



\Un I \%n\ 



K 



il+<5-£ 



\ \ \% 



l+S-2e 



By Corollary 16.31 we have the following estimate 

oo 

W \^OgX n \ Q < C M \x\^~ k | log X | 



n=0 



for a constant CL 9 > 0, and hence there exists a positive constant K\, depending only on H\, so 
that 



dT(f) 



dx 



- i • I I I l — 1 i I \N—k—l ii i 

< K\ u \x\ + \x\ \\u\ 



Setting K = K\, we proved the first inequality. In a similar way, we estimate obtaining 



0T<f) 



du 



n=0 



d_ ( /Xn.\- kB 

du V V x 



\Hx(x n ,u n ,(f)(x n ,u n ))\\ + 



X \ -kB 
•^r 

X 



d_ 

du 



(Hi(x n ,u n ,4>(x n ,u n ))) 
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For the first term , we have 
Q f(x n \- kB \ 

W\\~x) ) ll-^ 1 ( x "''"™'^( x ™' Un ))ll - 



-kB 



n / *n 



im— 1 , i„ iJV— fe 



x n du \ x 

Ci||w n || + C2IWI (kn| | log \x n \\ q + ||0(x n) ^)[| + \\u r 



< C 



1 



9» r 



du 



x 



-JfejS 



■ii., 



if(:E„,u„) 

II"!- 1 _l_ l-r l 7V - fc 



I I K(x n , ii n ) . 



The second term contains the partial derivatives of H\ with respect to x, u and v, and we have 



d 

— (i7i(x n ,u„,0(x n ,n n ))) 



<- / ii iim-l , | I AT— fe 

— I II "I" 1^^ I 



X x r 



Cz\u n \ + C^oll^nll (| I I log \x n \\ q + ||0(a;„,u n )|| + \\u r< 



\S-e 



iS-e 



C5 + C6-K"o||'Un| 









x 



5-E 



+ C 8 



il+<S-2e 



iir,. Xr 



-1 l A n| 



l<5-e 





5-e-i 


X 





Therefore 



^ K(x n ^ U n . 3?) I 1 1 tin || H~ l^-n 

dT0 



<9u 



< ( imp- 1 + ix ,7V - fc 



and the constant only depends on i?x- Taking K' = if 2 we conclude the proof. 



□ 



Definition of T '. We are left with finding a suitable subset of maps, such that T is a contraction. 
Let m and iV be integers satisfying (|8.13p . Let Fq be the Banach space of the holomorphic maps 
6, defined such that 



:= sup 



ix, u) 



X,U U + \X 



N-k 



\U\ 



is bounded, endowed with the norm \\cf)\\o. Define J- as the closed subset of Fq given by the maps 
satisfying (|8.17p and ()8.19j) . with the constants Kq,K\ and K2 given by Propositions 18.41 and 18.61 



Proposition 8.7. If T is the subset defined above, then T\jr is a contraction. 
Proof. Let <p and tp be in T . We need to control 

-kB 

n=0 ~ n=0 



S := 



-kB 



Hi(x' n ,u' n ,tp(x' n ,u' n )) 
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where (x n ,u n ) and ( the iterates of (x, u) via ()8.ip respectively with <f> and tf). We can 

bound 5 with the sum of S\ and 52, where 



and 



Si := 



5 2 



£ 

n=0 



n=0 



Hi(x n ,U n ,(j>(x n ,U n )) - ^ ( — ) E^In.Un,^^,^)) 



zZy—J Hi(x n ,u n ,ip(x n ,u n ))-^2l — \ H^x^u'^ip^u'J) 

-n=n 35 n=n \ x ' 



n=0 n=0 
It is easy to control the term 5i. From (|8.18p . we have 



5l <cV |^ 



n=0 



-fc/3 



~r | %n | I 



| log x n \ q + \x 

n\ | U n I 



for some integer q. By Corollary 16.31 since \\u n \\ < \\u\\ \x n \ ka \ x\ ka , we obt 



am 



Si<c (\\u\r + \x 



N-k 



\U\ 



\x\ |log x| 9 + \\u\ 



To estimate S2, we have to estimate the dependence of {(x n ,u n )} on <j) in (|8.ip . We have the 
following reformulation of Lemma 3.7 of [15] . 

Lemma 8.8. Lei <5 = min{A;a, k}. Let e be a positive real number, with e < 5, and ReXj > a + e 
for each eigenvalue Xj of A. Let 4> and tp be in T , and let {(x n ,u n )} and {(x' n ,u n )'} be the iterates 
via (|8.ip associated to 4> and ip. Then for 7, s and p small enough, the following estimates hold in 
5 



and 



I rv* ry* I ry* 

II _ ' II <r I I 5 I I -5 



M + a; 



N-k-l 



U 



I 11m 1 1 |JV— k— 1 11 
M + M \\U 



0- 



Proof. We use the following notation: Ax„ := |a? n — arJJ, Aii n := ||w n — u' n \\, and A(j>(x,u) : = 

- V'llo- We argue by induction over n. If n = 1, thanks to (|8. 1 1) . there 



1 ,,, , 1 iJV— fc— 1 I, 



Aaci < if|x| fc+1 A(j)(x,u), 

Au% < K ( |x| fc+1 + \x\ k ||u|| ) A(p(x, u), 



exists if > such that 



for 7 and s small enough. Let us assume that the inequalities hold for n, and we prove that they 
hold also for n + 1. Since x\ and are equivalent to -, we have (x' n ) k = x\ + o(x k l ). From the 

definition of $ it follows 

A* n+1 = \x k (l-x k +0 (x 2 n k , \\u n \\x k )) - {x' n ) k (l - {x' n ) k + O ((x' n ) 2k , \\u'J(x' n ) k )) 
1 - x k n + o(x k ) + K \x n \ k+1 Au n + K \x n \ k+l Acf>(x n , u n ), 



< Ax r 



and 



Au n+ i < K\\ + |1 — (a + £)£n + o(x n )| Au n + if ^|x n | fe+1 + ||n n || J A(p(x n , u n ) 
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^ I ka 



Thanks to \\u n \\ < ||u|| ^f- , we have 



A<j>(x n ,u n ) < ( ||u|| m + \x\ N k 1 \\u\\ 





•En 


mkce 


•En 


)( 


+ 




X 




X 



ka+N-k-1 



and, since |^r| 7 < |if| 5 when 7 > (5, we have 

jx^ A<fi(x n , u n ) < 2\x n \ S A(f)(x,u). 
By inductive hypothesis, we may bound \x\ S A ^ hl and \x\ S A ^" 1 . We thus obtain 



5 Ax n+i 

X : < 



A0 



< 



l-ex k n + o(x k n ) 



l-ex k n + o(x k ) 



\x n+1 \ 1+S - £ + K\x n \ 2+S + 2K\x n \ 2+S 



I il+8-e ^ 1 |l+5-2e 



and 



" ;A ' W1 <K\\u n \\\x n \ X + & - £ + l-ex k +o(x k n ) 1x^1* + ^(1^1 + IW) 



Ac/) 



< 



l-ex k + o(x k ) \xn+x\ <\x n +i\ 



Since ||u n || \x n \ ka = o(l), we can now prove the last inequality 



,|^n|| \%n\ — ^(|Xy 

for £ small enough. 

We can now estimate S2 as follows. 



\l+ka+5-e\ 



\x n \ o(|x„|), 



S 2 < J^Ki 



n=0 



J- > _ 



\'U j n ~\~ X ? 



u n \\ )Ax n + Ki 



-kP-e 



Ur, 



□ 



-1 I ik 1 I iJV-fc-1 
\Xn\ 1 \Xn\ 



Au n . 



By Lemma 18.81 Corollary 16.31 and the fact that \\u n \\ \x n \ 6 = o(l), we thus obtain 



S 2 < K l\u\ m ~ L + \x 



1 . I iAT-fc-1 



I \\m 1 1 \N-k-l 11 1 
M + \x\ \\u\ 



Therefore T is a contraction. 



□ 



Taking (ft the unique fixed point of T, we can use the following change of coordinates: v 
v — cj)(x, u). Then 

v\ = v\ — <j)(xi, u\) = (I — x k B)v + H(x, u, v) — 4>(xi,ui) 
= (I — x k B)(v + (f>(x, u)) + H(x, u, v + 4>(x, u)) — <f>(xi,ui) 

1 d n H 



n>l 



(J - x k B)v + (I - x k B)(f)(x, u) + H(x, u, <f>{x, u)) + 

* „ ' ^ 

=<p(x(,uf) 

(I - x k B)v + <t>(xf, uf) - <t>(xf, «{) + •■■ 
(J - x fc 5)-C + H(x,u,v), 



n\ dv n 



(x, u, </>(x, u))v r 



Xl,Ul) 
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with H(x, u, v) = 0(||C||), and hence H(x, u, 0) 
and this concludes the proof of Theorem [ 



0. Therefore we can apply Theorem l7.1l to <&|{£ = o} 

□ 



We then deduce the following reformulation of Corollary 3.8 of [15] . 

Corollary 8.9. Let $ G Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2 and let 
[V] be a non- degenerate characteristic direction. Let {Ai, . . . , A^} be the directors associated to [V] 
with strictly positive real parts and assume that 

ct\ > «2 > • • • > ah. > 0, 

where aj = Re\j. Then there exists an increasing sequence 

M x C M 2 C • • • C M h 

of parabolic manifolds, defined in a sector, attracted by the origin along the direction [V] . Moreover, 
for any 1 < i < h, the dimension of Mi is 1 + 2^R e A >a m aig(Xj) and Mi is tangent at the origin 
to CV ©R e A J >a 4 where E\ j is the eigenspace associated to the eigenvalue Aj. 

We can also deduce a partial converse of Theorem 17.11 using the following result, which holds 
for germs of biholomorphisms and hence also for global biholomorphisms. 

Lemma 8.10. Let <3? £ Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2. If X = 
(x, y) £ C p \ {(0, 0)} is so that X n = <f> n (x, y) converges to the origin and [X n ] converges to [1:0], 
then there exist constants 7, s and p so that, for any n > uq, with uq large enough, we have x n 7^ 
and X n = (x n , y n ) £ S~ iS p , where, for x 7^ and U = 



we set 



S. 



{(x,U) 



eCxC 



-1 



llmarl < jRex , 



< s, \\U\\ < p 



}■ 



, y n ) converges to and [X n ] converges to [1:0], we have that x n is defini- 

{(x,U) I \x\ < s, \\U\\ < p}. Thanks 



Proof. Since X n = 

tively different from 0. Moreover X n definitively lies in D StP 

to Proposition the first component of $ is of the form x\ = x — ^x k+1 + (\\U\\x k+1 , ^ 2k+1 
x 1 ^ ~ ^. Therefore, for any 7 arbitrarily small and any n large enough, we have |lmx^ 
and hence X n definitively lies in 5* 7jSiP . 



x*"* 1 ") , and 
< 7Rex^, 
□ 



Corollary 8.11. Let $ 6 Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2, and 
let [V] be a non- degenerate characteristic direction. If there exists an attracting domain O where 
all the orbits converge to the origin along [V], then all the directors of [V] have non-negative real 
parts. 

Remark 8.12. It is not true that if [V] be a non-degenerate characteristic direction and there exists 
an attracting domain £1 where all the orbits converge to the origin along [V], then all the directors 
of [V] have strictly positive real parts. In fact, as shown by Vivas in [23], it is possible to find 
examples of germs having attracting domains along non-degenerate characteristic direction even 
when the directors have vanishing real parts. 
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9. Fatou Coordinates 



We have the following analogous of Theorem 1.9 of |15j . 

Theorem 9.1. Let G Diff(C p ,0) be a tangent to the identity germ. Let [V] be an attracting non- 
degenerate characteristic direction. Then there is an invariant domain D, with G dD, so that every 
point of D is attracted to the origin along the direction [V], and such that <&\e> is holomorphically 
conjugated to the translation 

1 1 



x 
U, 



+ 1, 



with {x,U) G C x C?" 1 . 



We may assume that [V] = [1 : 0], and that its associated matrix A is in Jordan normal form, 
with the non-zero elements out of the diagonal equal to e > small. 

Let Ai, . . . , Xh be the distinct eigenvalues of A, and up to reordering, we may assume that, setting 
aj = Re (Aj), we have 

oil > ct2 > • • • > cth > a > 0. 

Let Ji, . . . , Jh be the Jordan blocks of A, where Ji is the block relative to A; for 1 < I < h, and let 
, u h ) G C^ 1 be the splitting of the coordinates of C p ~ 1 associated of the splitting of A 



,i 



u = [u 

in Jordan blocks. Therefore we can write 



(9.1) 



«? 



II.- 



x - \x k+1 + F(x,u), 
(I 1 -x k Ji)u l + G 1 {x,u), 
(I 2 -x k J 2 )u 2 + G 2 (x,u), 



(L h - x k J h )u h + G h (x,u), 



where I is an identity matrix of same dimension of the block J\ for 1 < I < h, and 



G 3 (x,u) = 0(||n|| 2 x fc ,||u||x /c+i |logx 



Set 



,<3 



and u >J := (u 



3+1 



, u 



and analogous definitions for n <J and u-i . 

Given N G N with N > k + 1, thanks to ([8.3p . for every 1 < j < h, we can write 



(9.2) 
with 



G°{x, u) = P 3 N (x, u) + O ( ||it|| \x\ N | log \x 



Pn(x,u)= 4,t(u)x s (log x)\ 

k<s<N,teE 3 

for some Hn G N depending on N, where for any s we defined E s as the (finite) set of integers t 
so that the series above contains the term x s (logx)*, and where c s t(u) are holomorphic in < p 
and c s> t(0) = 0. 

The following result is the analogous of Proposition 4.1 of [15j . 
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Proposition 9.2. Let <3? E Diff(C p ,0) be a tangent to the identity germ of order k + 1 > 2 as in 
(19, ip . with [V] = [1:0] attracting non- degenerate characteristic direction. For any positive integers 
N > k + 1 and m, there exist local holomorphic coordinates (defined in a sector) such that (|9,2D 
holds, and moreover 

(9.3) P 3 N (x,{0,u >j )) = 0(x k \\u >j \\ m ) 

for 1 < j < h. 

Proof. We want to change coordinates holomorphically to delete in P]^(x, (0, ii >jf )) the terms in -u >J 
with degree less than m. We use holomorphic changes of coordinates of the form v? = u J —qj(x, u >3 ), 
where the q^s are polynomials in x, logx and u >J with qj(x,0) = 0; if we obtain (|9.3|) for j = 
1, . . . , jo, then changing the variables v? for j > jo will provide no effect on the first jo variables. 
We shall then perform the construction by induction on j, considering only changes on u- J with 
u <3 = 0, which allow us to forget about the first j — 1 coordinates. 
Let v = u >J , and let us consider the matrix Bj defined as 

Bj = Diag(A j+1 ,...,A h ). 

We now have to prove a statement similar to the one in Proposition 18.11 but with the opposite 
notation, i.e., we look for changes of coordinates of the form u = u — <p(x,v) such that 

G j (x,0,v) = 0(\x\ k \\v\\ m + \x\ N \\v\\), 

and hence the roles of A{= Jj) and B{= Bj) are here exchanged. 

Note that, if 1, Ai, . . . , Ah are rationally independent, then we can prove the statement exactly 
as in the proof of Proposition 18.11 

Otherwise, let Q(v)x s (log xy be the lower degree term in P~L(x, (0,v)), with Q{v) homogeneous 
polynomial of degree dm. v. The change of coordinates 

w> = u j - x s_fc (logx)*P(u), 

deletes the term Q(v)x s (log xy if P solves 

P({I q - x k B)v) - (I r - x k Jj)P(v) - S -^x k P{v) = x k Q{v) + 0(|M|x fe+1 ), 

where r and q are the dimensions, respectively, of v? and v. Therefore, by decreasing induction on 
the indices of the components of u 3 , we may reduce ourselves to solve, for the r components Pi of 
P, equations of the form 

(9-4) + • • • + - (A, - Pi = Q,(„), 

that is, by Euler formula, of the form 

BP- BP 
(9.5) j^(Cv)i + ■■■ + ^(Cv) q = Qi(v), 

OV\ OV q 

A (s— k) Ik 

where C = B — ^ — Iq- We solve these equations component by component, by comparing 

the coefficients of the monomials v T , where T £ N' in both sides. For any T := (ti, . . . ,t q ) G N 9 , 
we define the weight of T as 

w(T) = t 1 + 2t 2 + --- + qt q . 
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If Pi(v) = av T and Qi(v) = cv T , equation (|9.5p is reduced, modulo terms of greater weight, to 

a(viti H h u q tq) = c, 

where v\, . . . ,v q are the eigenvalues of C. Now, if v\t\ + • • • + v q t q / 0, then we can solve the 
equation; otherwise, we can consider the change of coordinates 

vP = v? - av T x s ~ k (\ogx) t+1 , 

under which the terms in v T x s ~ k (logx) t+1 and in f T x s (logx)* +1 (logx) <+1 in the left-hand side 
vanish and the equation is reduced to a(t+l) = — c; this change introduces new terms in x s (log x) t+1 , 
but it can happen only finitely many times, and hence it is not a problem. Iterating this procedure 
on the weight of T, given a degree d, we have to solve the case of T of maximal weight, i.e., v T + v d . 
In this case, the equation is simply av q d = c, and it is solvable if v q ^ 0; if v q = 0, as before, we 
can consider the change 

v? = u j -av d q x s ~ k {\ogx) t+ \ 
and we are done. □ 



We can then deduce the following reformulations of Corollaries 4.2, 4.3, and 4.4 of |15| for the 
case k + 1 > 2. 

Corollary 9.3. Let $ G Diff (C p , 0) be a tangent to the identity germ of order k + 1 > 2 as in 
(|9.ip . with [V] = [1:0] attracting non- degenerate characteristic direction. For any positive integers 
N > k + 1 and m, there exist local holomorphic coordinates such that 

(9.6) G- j (x, (0, u >j )) =o(\x\ k \\u >j \\ m + \x\ N \\u >j \\) , 
for 1 < j < h. 

Corollary 9.4. Let $ E Diff(C p , 0) be a tangent to the identity germ of order k + 1 > 2 as in (|9,ip , 
with [V] = [1:0] attracting non- degenerate characteristic direction. Let < e < a, and assume 
that the local coordinates are chosen so that the non-zero coefficients out of the diagonal in A are 
equal to £o > small enough, and (|9.6p is satisfied with m and N such that 

(9.7) moth — a\ > 1 and N + k{a.h — ct\) > k + 1. 

Then, for every j and for each (x,u) G S~* SiP with J,s,p small enough, there exists a constant 
K > such that 

(9.8) Hu^'ll < \x n \ k ^- £ \\\u^ j \\\x\- k ^-^ + K\x\ k ), 
and moreover, \ \\ x n \~ k ^~ £ ^ converges to zero as n tends to infinity. 
Proof. From the proof of Theorem 17. 1| we know that, taking a = ah — £ we have 



U/yi I | Xf^ | 1 1 Ub 1 1 | X | • 



Hence, from (|9.6p and (|9.7p we obtain 



K +1 r fe ^- £ )||G^>,(o,^'))ii <^|x n | fc+i . 



Arguing as in the proof of Theorem 17. 1\ choosing e and eo small enough, since the eigenvalues of 
Jj — k(aj — £)P have positive real parts, for each x G Sj )S>p with 7, s, p small enough, we have 

\\P - {Jj - k{ aj - £)P)x k + o(x k )\\ < 1. 
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We have 

K+xl-^-^ugj < \\P - (Jj - k{a j -e)P)x k + o{x k )\\\x n \- k ^-^\\u^\\ 

+ \x n+1 \- k ^-^\\G^(x,(0,u>i))\\. 

Hence, setting := \x n \~ k ^ a ^~ 6 ^\\uE : ' \\, we obtain 

V% 1 <V? + K 1 \x n \ h+1 . 

Since for any (x,u) 6 S^ ;S>P , for 7, s,p small enough, there exists < c < 1 such that |x n+ i| fc < 
|x n | fc (l — c|x n |), we have 

I \k I \k 
I ifc+1 ^ \ x n\ ~ pn+1 1 
\%n\ — 1 
C 

implying that there exists a positive constant K > such that 

Vn+i + K\x n+1 \ k < + K\x n \ k <-..<V^ + K^ k 



x 



proving (|9.8p . Moreover, this proves that there exists Eq << E\ < e such that 1 1 1/^ -7 ' 1 1 1 a;^ | E -* < 

£\, and so \\ue 3 \\ \x n \~ k ^ aj ~ £ ^ converges to zero as n — > +00. □ 

Thanks to the last corollary, we may assume without loss of generality that our germ $ is of the 
form (|9,ip and in the hypotheses of Corollary 19.41 Define the set 

(9.9) V := {(x,u) E SV, S)P : \\u^ \\\x n \- k ( a ^ < 1}. 

To prove Theorem 19. H we shall need this reformulation of Lemma 4.5 of [15J . 

Lemma 9.5. Let <3? S Diff(C p ,0) be a tangent to the identity germ. Let [V] be an attracting 
non- degenerate characteristic direction. Consider local holomorphic coordinates where satisfies 
the hypotheses of Corollary \9.4\ with e such that 3e < min(ai,l). Then the sequence {x~ kA u n } 
converges normally on the set T> defined by (19.91) . 



Proof. Given (x, u) E V, we shall bound ||x n+1 : 'tt^_ ) _ 1 — x n 3 Un\\, for each j = 1, . . . , h. We have 

kJ j j ^'^j j 1 1 < ^ Ty~ 1 1 kj j 11 11 ^•J || / || Ml \k j 1 1 1 1 1 q \ 

l^n+l U n+1 ~ Xn U n II — \\ Xn llll^n II I \\ u n 1 1 \ x n\ ~T \%n\ |!Oga; n | I 



+ K , \\xn kJ '\\\\G^x,(0,u > ^)\\, 

for some positive integer q. Since (x,u) E V, we have ||un"'|| < \x n \ k ^~ £ \ and hence, using the 
inequality \\x n 3 || < \x n \~ kaj ~ ke , we obtain 

\\x~ii ] ui +1 - X - kJ >utt\ < Ki\x n \- ka s- ke (\x n \ k ^ 1+a + a ^ + \x n \ k+l+k ^- ke \\ogx n A +K 2 \x n \ k+1 



and hence there exists K > such that 

< +1 - Xn kJi ui\\ < K (\x n \ k ^ 1+a ^ + \x n \ k+l ~ 2k£ \ Iogx„|« 
and hence we are done. □ 



We now have all the ingredients to prove Theorem 19.11 
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Proof, of Theorem \9.1[ Thanks to the previous lemma, we can define in T> the following holomorphic 
bounded map 



(9.10) H(x, u) := ( x n+i u n+i - x~ kA u r 

n=0 

which satisfies 

(9.11) \\H(x,u)\\ < K (\x\ k ( ai - 3£ *> + \x n \ k - 2k£ \\ogx n \^ < K (\x\ k(ai - 3£ *> + \x n \ k ~ 3k£ y 
Therefore, the holomorphic map 

(9.12) U(x,u) := x~ kA u + H(x,u) = lim x~ kA u n 

n— >+oo 

is invariant. The main term near to the origin is x~ k u, and the level sets {U(x, u) = c} with c € C 
are complex invariant analytic curves. Therefore, taking (x, U) as new coordinates, <E> becomes 

Xl = x - \x k+1 + F(x,U), 
Ui = U, 



(9.13) 



where F is a holomorphic function of order at least k + 2 in x, and U behaves as a parameter. 
We can thus argue as in Fatou [IT], and change coordinates, in V, in the first coordinate x, with a 
change depending on U, to obtain of the form 




and this concludes the proof. □ 

We thus deduce the following reformulation of Corollary 4.6 of [15] . 

Corollary 9.6. Let <1> G Diff (C p , 0) be a tangent to the identity germ of order k+1 > 2 and let [V] be 
a non- degenerate characteristic direction. Assume that [V] has exactly d (counted with multiplicity) 
directors with positive real parts. Let M be the parabolic manifold of dimension d + 1 provided by 
Theorem \8.3[ Then there exist local holomorphic coordinates (x,u,v) such that M = {v = 0}, and 
$|m is holomorphically conjugated to: 

1 1 

- = - + 1, 

Z\ z 

Ui = U. 

Proof. Thanks to Theorem 18.31 there exist local holomorphic coordinates (x, u, v) defined in a sector 
Sj >s ,p such that the parabolic manifold M is defined by M = {v = 0}, and $ is defined by (|8.ip 
with F, G, and H satisfying (|8.2p . and H(x,u,0) = 0. Then &\m is given by 

Xl = x - i x k+1 + F(x,u,0), 
ui = (L d - x k A)u + G(x, u, 0), 

where all the eigenvalues of A have positive real parts. Let Ai, . . . , A/, be the distinct eigenvalues of 
A, and let ay = Re (Xj). Up to reordering, we may assume ct\ > ■ ■ ■ > ah > a > 0. 
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Let m and N > k + 1 be positive integers such that ma/, — a% > 1 and iV + ^(a/j — a{) > k + 1. 
We can thus write the Taylor expansion of G as 

G(x,u,0) = ^ c M (u)x s (lo g x)* + 0(|x| fc |Mr + 1^11^11), 

l<s<JV 

where c Si t(u) is a polynomial and deg(c Sj ( (u)) < m. Therefore we can apply Theorem l9.1l to <&(x, u, 0) 
and we are done. □ 



10. FATOU-BlEBERBACH DOMAINS 

In this section we shall assume that is a global biholomorphism of C p fixing the origin and 
tangent to the identity of order k + 1 > 2. 

Definition 10.1. Let $ be a global biholomorphism of C p fixing the origin and tangent to the 
identity of order k + 1 > 2. Let [V] be a non-degenerate characteristic direction of $ at 0. The 
attractive basin to (0, [V]) is the set 

(10.1) n mv]) : = {X 6 C p \ {0} : -+ 0, ^ [V]}. 

We shall study the attractive basin O/ ryi\ when some of the directors of [V] have positive real 
parts. 

We can assume that, writing X = (x,y) £ C x C p_1 , [V] = [1:0] and $ is of the form 

xi = x + pk+i(x, y) + pk+2(x, y) H , 

Vi = V + Qk+i(x, y) + % +2 (x, y) H , 

with pfc + i(l, 0) = -1 /fc an d gfc+i(l, 0) = 0. 
Thanks to Lemma l8.10( we have 

(10.2) n (om = [J (n (0 ,[v]) n s 7 , s , p ) , 

n>0 

and we can restrict ourselves to study ^(o,[vi) ^ ^j,s,p- 

Since S 7>S)P n {x = 0} = 0, we can use the blow-up y = xu and we can assume that, in the sector, 
<3? has the form 



(10.3) 



x x = x - lx k+1 + 0(\\u\\x k+1 ,x k+2 ), 

u\ = (Ip-i - x k A)u + 0(\\u\\x k , ||n||x fc+1 ), 



where A = A([V]) is the matrix associated to [V], and we can perform all the changes of coordinates 
used to prove Theorem 18.31 and Theorem 19.11 

We thus can prove the following generalization of Theorem 5.2 of |15j for the case k + 1 > 2. 



Theorem 10.2. Let <3? be a global biholomorphism of C p fixing the origin and tangent to the 
identity of order k + 1 > 2 and let [V] be a non- degenerate characteristic direction of & at 0. If 
\V] is attracting, then the attractive basin ^(o,[V]) C C p is a domain isomorphic to C p , i.e., it is a 
Fatou-Bieberbach domain. 
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Proof. We can reduce ourselves to consider 3> as in (|10.3j) . with A in Jordan normal form. Let 
Ai, . . . , Xh be the distinct eigenvalues of A, and let ay = Re (Aj). Up to reordering, we may assume 
ol\ > • • • > a.h > a > 0. Let e > be small and such that 

«i > a± — e > ct2 > 0-2 — £ > • • • > Q-h > a fe ~~ e > 0- 

Thanks to Theorem [97T] and Corollary [931 the coordinates u = (u 1 , . . . ,u h ) adapted to the structure 
in blocks of A can be chosen such that, for n large enough, we have 

(10-4) |k|| < \x n \ k ^~ e \ 

and we know that on 

(10.5) V = {(x,u)GS^ S:P :\\ui\\<\x n \ k ^- £ \ for j = l,...,h}, 

we can conjugate holomorphically to the translation 

1 1 
- = - + 1, 

Z\ z 

Ui = U, 

with a change of the form (z(x,u),U(x,u)) such that 

(10.6) U(x,u) =x- kA u + 0(x r >), 

for some positive rj, and z(x, u) ~ x k as x — >• 0. 
Let V : 2? -> C p be defined by 

V>(x,u) := (Z(x,u),U(x,u)) = [ 1 ,U(x,u] 

and let r : C p — )• C p be the translation r(Z, [/) := (Z + 1, C7). We know that T> is ^-invariant 

(10.7) ro^ = -0o$. 

Let us consider W := i^iV). For 7 small enough, and R > big enough, the projection Z(W) of 
WonC contains the set 

(10.8) S 7jjR := {Z G C : \\m Z\ < 7 ReZ, \Z\ > i?}. 
For any fixed Z £ C and r > 0, consider the generalized polydisc 

P (z>r) := {(Z, 17) € CP : \\W\\ < r for j = 1, . . . , /i}. 

The definition (|10.5p of P, and the form (|10.6p of U(x, u) imply that for Z £ ^"y,R and R big 
enough, W contains the generalized polydisc Pi z \z\ E / 2 )- F° r \Z\ tending to infinity, the fiber of W 
above Z contains generalized polydisc P(z,r) °f radius arbitrarily large. Hence we have 

(10.9) \J T ~ n ( w ) = C ' P - 

n>0 

The end of the argument is then as in Fatou [12\ I13j. as follows. 

Since V C fi(o,|V])> anci ) thanks to (|10.4j) . for n large enough, for every X £ ^(o,[V])> X n £ V, we 
also have 

(10.10) n mv]) = |J $- n (v). 

n>0 
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Therefore, we can extend the isomorphism tp: T> — > W, to 

4>-.n mv]) ^c p 

as follows: given X G Qr ryi), consider no such that & n °(X) G V, and define 

${X) :=r~ n ° oipo<f> n °(X). 

Thanks to fjlQ.Tj) . the definition does not depend on n. It is immediate to check that tp is injective, 
whereas its surjectivity follows from (llO.lOp . □ 

This last result is the generalization of Theorems 1.10 and 1.11 of |15| for the case k + 1 > 2. 

Theorem 10.3. Let $ G Diff(C p ,0) be a tangent to the identity germ. Let [V] be a non- degenerate 
characteristic direction, and assume it has exactly d directors, counted with multiplicities, with 
strictly positive real parts, greater than a > 0. Then 

(1) if the remaining directors have strictly negative real parts, the attractive basin ^(o,[V]) is 
biholomorphic to C d+1 ; 

(2) otherwise, considering coordinates such that [V] = [1:0], the set 

fyo,[V]) ■= {X G ft (0 ,[V]) : I™ X~ ka u n = 0} 

is biholomorphic to C d+1 , and moreover its definition does not depend on a. 

Proof. Thanks to the previous results we can apply Lemma 18.101 and property (|10.2p . We can thus 
choose local holomorphic coordinates in a sector, such that, after the blow-up, $ has the form 

x\ = f(x, u,v) = x — j:X k+1 + F(x, u, v), 
u i = 9{ x i u > v ) = (Id — x k A)u + G(x, u, v), 
v\ = h(x, u, v) = (Ip-d~i — x k B)v + H(x, u, v), 

where A, and B are in Jordan normal form, A has eigenvalues with strictly positive real parts, B 
has eigenvalues with non-positive real parts, and F, G, and H satisfying (|8.2p . Moreover, thanks 
to Theorem 18.31 we may assume H(x,u,0) = 0. 

If X G O( 0j [v]), for 7,s,/3 arbitrarily small positive numbers, then X n G <S 7jSiP , for n big enough. 

Assume that B has only eigenvalues with strictly negative real parts. Therefore, thanks to the 
previous equations, we have ||f n +i|| > \ v n\ f° r n big enough, so v n cannot converge to unless we 
have v n = 0. Hence 

^(0,[V]) n S l,s>P C i v = °}> 
and we can apply the same argument as in Theorem 110.21 to &\s y s p n{v=o}- 

If B has eigenvalues with non-positive real parts, since in f2( [yn, for n big enough, we have 
||^^+i^n+i|| > Ikn^" 1 '™!!) we cannot have x~ ka v n converging to unless v n = 0. Therefore we 
argue as before, but considering Q( ryn. 

□ 
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